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We use the (Chalker-Coddington) network model to establish a relationship between two dis-
tinct topological phenomena: integer quantum Hall (IQH) phases of equilibrium systems, and non-
equilibrium chiral Floquet (CF) topological insulators. The network model for an IQH system is
represented by a unitary scattering matrix, which we map onto the Floquet operator of a period-
ically driven system. Strikingly, the Floquet bands of this model have Chern number zero, and
the topological phase from this perspective is instead characterized by a chiral Floquet winding-
number invariant. This raises a question: how can a model without Chern bands describe the IQH?
We resolve this apparent paradox by showing that non-zero Chern number arises from the IQH
perspective via the energy dependence of scattering network parameters. These results imply that
despite having distinct topological invariants, IQH and CF systems share the same universal scaling
properties for their topology-changing transitions in disordered, but non-interacting settings.
Disorder and localization often play a vital role in sta-
bilizing topological matter. In particular, these features
are essential for the experimental observation of quan-
tized Hall conductance in a variety of experimental sys-
tems such as GaAs quantum wells [1, 2], graphene [3], and
magnetically doped topological insulator thin films [4].
These systems all allow tuning between Hall plateaus
with different quantized conductance via changing gate
voltages or external magnetic fields, resulting in a topo-
logical phase transition. This transition is marked by
a jump in the Chern number of the occupied electron
states and a change in the number of chiral edge states
circulating around the perimeter of the sample. It is ac-
companied by a divergence in the localization length at
a critical value of the chemical potential.
Disorder and localization can also stabilize driven sys-
tems against drive-induced heating, giving access to
new regimes of quantum coherent dynamics. Recent
theoretical advances have shown that time-periodically
driven (Floquet) systems can exhibit new types of non-
equilibrium topological phases with inherently dynami-
cal properties that could not arise in the ground state of
static (time-independent) Hamiltonians [5–7]. Striking
examples include chiral Floquet (CF) phases [6], which
exhibit chiral edge states, despite having only topologi-
cally trivial bulk bands.
Although CF edge states are reminiscent of those in
IQH systems, there are important differences. Crucially,
the number of CF edge states for a given Floquet op-
erator is the same at all values of the (compact) quasi-
energy. By contrast, the number of edge states for a
(time-independent) IQH Hamiltonian is a function of
(non-compact) energy, and is given by the net Chern
number of all bulk states at lower energies. As a corollary,
CF phases differ from IQH phases in that they do not
exhibit charge pumping through bulk states upon adia-
batic insertion of magnetic flux, and hence have vanishing
Hall conductance and Chern number. Instead, for non-
interacting systems, the unitary time-evolution opera-
tors for CF phases are characterized by an integer-valued
winding number, χ, the chiral unitary invariant [6].
In this paper, we establish a relation between these
two distinct types of topological phenomena via a net-
work model originally introduced by Chalker and Cod-
dington [8] to describe the scattering dynamics of elec-
trons near the quantum Hall plateau transition. The net-
work model (CCN) is defined by a unitary matrix that
acts on a wavefunction sampled at discrete spatial lat-
tice points in a continuum IQH system. We construct a
periodically time-dependent Hamiltonian, acting on the
same lattice, whose Floquet operator coincides with the
CCN unitary, and show that this Floquet system hosts a
CF phase, while having vanishing Chern number for its
Floquet bands at all fixed network-model parameters.
This correspondence uncovers a puzzle: IQH systems
are characterized by a Chern number but the CF system
has Chern number zero. We resolve this puzzle by show-
ing that the Chern number of an IQH system is recovered
by properly accounting for energy-dependence of scatter-
ing phases and tunneling amplitudes in the model. This
relationship provides a fresh perspective on IQH systems,
building on the fact that the CF Floquet operator is char-
acterized by the chiral unitary invariant. Since the CCN
is represented by the same unitary matrix as a CF sys-
tem, values of the chiral unitary invariant can be used to
label IQH phases within the CCN description.
These observations show that the network model
equally describes the fixed-energy scattering behavior of
a wave-packet in an IQH system, and the full dynam-
ics of a CF system. In particular, this implies that the
topology changing phase transitions for disordered, non-
interacting IQH and CF phases share the same universal
scaling properties (though their fully non-equilibrium dy-
namics away from criticality sharply differ [9, 10]).
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2Network model definition – Consider the ground
state of a non-interacting electron gas in a uniform mag-
netic field and a disordered potential, with the lowest
Landau level partially occupied on average. If the po-
tential is smooth on the scale of the magnetic length
and has fluctuations smaller in amplitude than the cy-
clotron energy, the system is divided into spatial regions
around potential minima where the Landau level is lo-
cally fully occupied, and regions around maxima where
it is empty. Chiral edge states at the chemical potential
circulate along the boundaries between these occupied
and empty regions. Tunneling between distinct edge seg-
ments occurs near saddle-points in the potential where
their spatial separation is small.
The network model [8] describes a simplified version of
this picture, in which the potential is chosen so that oc-
cupied and empty regions form alternate plaquettes of a
regular square lattice. Edge states propagate on directed
links of this lattice, meeting at nodes that correspond
to potential saddle-points. Consider a stationary state
in this continuum problem. Its wavefunction is sampled
at a single point ri on each link, and represented by a
current amplitude ψi. Amplitudes on incoming and out-
going links at a node are related by a scattering matrix,
so that (referring to Fig. 1):(
ψ3
ψ4
)
=
(
eiϕ3 0
0 eiϕ4
)(
cos θ sin θ
− sin θ cos θ
)(
ψ1
ψ2
)
. (1)
Here, θ parameterizes tunneling while ϕ3 and ϕ4 are
Aharonov-Bohm phases. A similar S-matrix with θ →
θ¯ ≡ pi/2−θ describes scattering at the θ¯ nodes. Disorder
is modeled by taking ϕi to be an independent random
variable on each link i, uniform in [0, 2pi). The model
can be specified for a closed system of N links by an
N × N unitary matrix U , which is composed of 2 × 2
sub-matrices, each having the form of Eq. 1 [11].
An eigenstate of the continuum Hamiltonian, sampled
at the points ri, is represented by an eigenvector of U
with eigenphase zero (mod 2pi), such that Eq. (1) is sat-
isfied at every node. In order to find the energies at which
scattering eigenphases vanish, and hence relate eigenvec-
tors of U to Hamiltonian eigenstates, it is necessary to
consider the energy dependence of θ and ϕi. From the
shape of equipotentials near a saddle-point, one sees that
θ increases from 0 to pi/2 as energy is increased across
the disorder-broadened Landau level. The accumulated
link phase around a plaquette is (2pi times) the number
of flux quanta passing through this plaquette. Random-
ness in φi arises from small random variations in the area
of plaquettes. Additional energy-dependence of φi arises
due to to the change in area of a plaquette with a change
in the chemical potential.
The behavior of the model is simplest at the extreme
limits θ = 0 and θ = pi/2. In the first case, the sys-
tem consists only of isolated plaquettes enclosing occu-
pied regions. In the second case, it is made up of isolated
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FIG. 1. Coupled wire picture of network model. Upper
panel: Quasi-one dimensional strips with oppositely propa-
gating edge states are indicated in gray. Red and blue scatter-
ing matrices with scattering angles θ and θ¯ = pi/2−θ represent
inter- and intra- wire backscattering. Lower panels 1-3: Each
panel depicts the local couplings of a stroboscopic Hamilto-
nian that generates the network model dynamics. Solid black
lines represent coupling uij(pi), dashed red and blue lines rep-
resent uij(θ) and uij(pi/2− θ) respectively (see text for defi-
nitions).
plaquettes enclosing empty regions, together with a chi-
ral edge state at a boundary where the system meets an
external empty region. Detailed numerical studies show
that the edge state is present for all θ > pi/4.
Floquet perspective – These scattering dynamics de-
fine a stroboscopic Floquet evolution in which we intro-
duce a discrete time variable t and take
ψ(t+ 1) = Uψ(t), (2)
where ψ(t) is the vector of all the link amplitudes at
the time step t [12]. Writing the eigenvalues of U as
e−iε, the phases ε are referred to in this context as quasi-
energies, located within a compact Brillouin zone ε ∈
(−pi, pi]. The fact that quasi-energies lie on a circle rather
than an open line changes the topological classification of
Floquet dynamics compared to that of gapped ground-
states of static Hamiltonians [5–7].
Non-interacting Floquet bands in systems with con-
served particle number are exhaustively classified by two
integer-valued topological invariants:
1. the Chern number, Cn, defined separately for each
Floquet band, n, and
2. the chiral unitary index, χ(U), defined for the full
Floquet unitary, which characterizes the number
of chiral edge states that wrap around the quasi-
energy Brillouin zone [6].
3For the network model, we observe that the Chern
numbers for the Floquet-bands of U are identically zero.
This claim can be verified by inspection at the trivial and
topological limiting points, θ = 0 and θ = pi/2. At these
points, the bulk motion consists of short loops around
the elementary plaquettes of the network model (Fig. 1),
indicating that the Floquet bands admit a strictly local-
ized Wannier basis of orbitals, each having support only
on the four links of a single plaquette. Such a localized
Wannier basis implies vanishing Chern number [13], im-
mediately implying that each individual eigenstate has
zero Chern number. This conclusion extends to all val-
ues of θ 6= pi/4, since Chern number may only change
at a delocalization transition, which in this model occurs
only at θ = pi/4. The regions either side of this crit-
ical point inherit the vanishing Chern number of their
limiting points, at θ = 0, pi/2 respectively.
This argument, valid for arbitrary disorder, can be di-
rectly verified for the clean version of the model by ex-
plicit computation of the Floquet band-structure. Intro-
ducing crystalline momenta k, the matrix U is block-
diagonal with blocks of the form
U(θ,k) =

0 0 sin θe−ikx cos θe−iky
0 0 − cos θeiky sin θeikx
cos θ sin θ 0 0
− sin θ cos θ 0 0
 . (3)
We denote the eigenvalues of U(θ,k) by εn(θ,k) for
n ∈ {0, 1, 2, 3}. At θ = 0 and θ = pi/2, εn are inde-
pendent of k, taking the values εn = pi/4 + pin/2. As θ
deviates from these extreme values, the bands disperse,
until they touch at θ = pi/4 in a sequence of Dirac-points
at wave-vectors k = (0, 0) or k = (pi, pi) (Fig. 2). Tuning
away from θ = pi/4, the Dirac points develop a mass-gap
with an alternating sign mass for Dirac points separated
in quasi-energy by ∆ε = pi/2. Equivalently, viewed in the
three-dimensional parameter space (θ,k), these degen-
erate points form monopole sources of Berry flux, with
overall cancelling monopole charge, resulting in vanishing
net Chern number for all θ.
Chiral Floquet invariant – Viewing the network
model as a lattice Floquet system, since U has only topo-
logically trivial bulk bands, any non-trivial topological
behavior must emerge from a non-trivial chiral unitary
invariant, χ 6= 0. As a first step, we compare behavior at
θ = 0 and θ = pi/2 for a system with open boundaries,
where χ can be computed simply by counting the number
of chiral edge states wrapping the quasi-energy Brillouin
zone. There is no edge state in the first case, and one in
the second case. The eigenvectors of U corresponding to
the edge state can be given explicitly. Let integer j la-
bel links in order along the boundary, and for simplicity
set all ϕj = 0. Then the vector with ψj = e
ikj on edge
links and ψi = 0 on all other links is an (unnormalized)
eigenvector of U with quasi-energy εedge = k.
ky
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<latexit sha1_base64="7quvdL0zasB22GHJZbRW4HlnPJg=">AAAEKHicbZPNatwwEMeVuB/p9itJj72YLoXNIcYOha ZQQmgvPSbQbQK2CbI83hWRJSPJ3izCT9Br+xR9mp5Krn2SyvZu2dgRWB7mN39mNCMlBaNK+/7t1rbz4OGjxztPRk+fPX/xcndv/5sSpSQwJYIJeZlgBYxymGqqGVwWEnCeMLhIrj83/KICqajgX/WygDjHM04zSrC2rnP/anfse3673KERrIwxWq2z qz1nP0oFKXPgmjCsVBj4hY4NlpoSBvUoKhUUmFzjGYTW5DgHFZu20tp9az2pmwlpP67d1rupMDhXapknNjLHeq76rHHex8JSZ8exobwoNXDSJcpK5mrhNsd2UyqBaLa0BiaS2lpdMscSE22bMxpFHBZE5DnmqYk+1iZimM/a02wCsKDCEgpFmeA9WBZ 1s2EpxaKHUrHgdfdbYwmbASeWynXGu2jSFAOZngzIQSOis7k+GKBwJQoHJF6L4gGq6jCITdT0NsnMOKhtF92ocg9P3Mr2zs5skmQHvZMpewXmtUndaK7sLMAc+t4x3NSRLBmEgXcEN7HpXMYL7N5rTaK6rIlgaTN4wdrM/dpSW3bRXDHM+r0FZhnHCc NDFa3WLCKp0D0pKeV/baSpvaf9eReqbvd7xl10FWHGbAH2FQX9NzM0pkfeBy84fzc+/bR6TjvoNXqDJihA79Ep+oLO0BQRBOg7+oF+Or+c384f57YL3d5aaV6hO8v5+w89pW/y</latexit><latexit sha1_base64="7quvdL0zasB22GHJZbRW4HlnPJg=">AAAEKHicbZPNatwwEMeVuB/p9itJj72YLoXNIcYOha ZQQmgvPSbQbQK2CbI83hWRJSPJ3izCT9Br+xR9mp5Krn2SyvZu2dgRWB7mN39mNCMlBaNK+/7t1rbz4OGjxztPRk+fPX/xcndv/5sSpSQwJYIJeZlgBYxymGqqGVwWEnCeMLhIrj83/KICqajgX/WygDjHM04zSrC2rnP/anfse3673KERrIwxWq2z qz1nP0oFKXPgmjCsVBj4hY4NlpoSBvUoKhUUmFzjGYTW5DgHFZu20tp9az2pmwlpP67d1rupMDhXapknNjLHeq76rHHex8JSZ8exobwoNXDSJcpK5mrhNsd2UyqBaLa0BiaS2lpdMscSE22bMxpFHBZE5DnmqYk+1iZimM/a02wCsKDCEgpFmeA9WBZ 1s2EpxaKHUrHgdfdbYwmbASeWynXGu2jSFAOZngzIQSOis7k+GKBwJQoHJF6L4gGq6jCITdT0NsnMOKhtF92ocg9P3Mr2zs5skmQHvZMpewXmtUndaK7sLMAc+t4x3NSRLBmEgXcEN7HpXMYL7N5rTaK6rIlgaTN4wdrM/dpSW3bRXDHM+r0FZhnHCc NDFa3WLCKp0D0pKeV/baSpvaf9eReqbvd7xl10FWHGbAH2FQX9NzM0pkfeBy84fzc+/bR6TjvoNXqDJihA79Ep+oLO0BQRBOg7+oF+Or+c384f57YL3d5aaV6hO8v5+w89pW/y</latexit><latexit sha1_base64="7quvdL0zasB22GHJZbRW4HlnPJg=">AAAEKHicbZPNatwwEMeVuB/p9itJj72YLoXNIcYOha ZQQmgvPSbQbQK2CbI83hWRJSPJ3izCT9Br+xR9mp5Krn2SyvZu2dgRWB7mN39mNCMlBaNK+/7t1rbz4OGjxztPRk+fPX/xcndv/5sSpSQwJYIJeZlgBYxymGqqGVwWEnCeMLhIrj83/KICqajgX/WygDjHM04zSrC2rnP/anfse3673KERrIwxWq2z qz1nP0oFKXPgmjCsVBj4hY4NlpoSBvUoKhUUmFzjGYTW5DgHFZu20tp9az2pmwlpP67d1rupMDhXapknNjLHeq76rHHex8JSZ8exobwoNXDSJcpK5mrhNsd2UyqBaLa0BiaS2lpdMscSE22bMxpFHBZE5DnmqYk+1iZimM/a02wCsKDCEgpFmeA9WBZ 1s2EpxaKHUrHgdfdbYwmbASeWynXGu2jSFAOZngzIQSOis7k+GKBwJQoHJF6L4gGq6jCITdT0NsnMOKhtF92ocg9P3Mr2zs5skmQHvZMpewXmtUndaK7sLMAc+t4x3NSRLBmEgXcEN7HpXMYL7N5rTaK6rIlgaTN4wdrM/dpSW3bRXDHM+r0FZhnHCc NDFa3WLCKp0D0pKeV/baSpvaf9eReqbvd7xl10FWHGbAH2FQX9NzM0pkfeBy84fzc+/bR6TjvoNXqDJihA79Ep+oLO0BQRBOg7+oF+Or+c384f57YL3d5aaV6hO8v5+w89pW/y</latexit><latexit sha1_base64="7quvdL0zasB22GHJZbRW4HlnPJg=">AAAEKHicbZPNatwwEMeVuB/p9itJj72YLoXNIcYOha ZQQmgvPSbQbQK2CbI83hWRJSPJ3izCT9Br+xR9mp5Krn2SyvZu2dgRWB7mN39mNCMlBaNK+/7t1rbz4OGjxztPRk+fPX/xcndv/5sSpSQwJYIJeZlgBYxymGqqGVwWEnCeMLhIrj83/KICqajgX/WygDjHM04zSrC2rnP/anfse3673KERrIwxWq2z qz1nP0oFKXPgmjCsVBj4hY4NlpoSBvUoKhUUmFzjGYTW5DgHFZu20tp9az2pmwlpP67d1rupMDhXapknNjLHeq76rHHex8JSZ8exobwoNXDSJcpK5mrhNsd2UyqBaLa0BiaS2lpdMscSE22bMxpFHBZE5DnmqYk+1iZimM/a02wCsKDCEgpFmeA9WBZ 1s2EpxaKHUrHgdfdbYwmbASeWynXGu2jSFAOZngzIQSOis7k+GKBwJQoHJF6L4gGq6jCITdT0NsnMOKhtF92ocg9P3Mr2zs5skmQHvZMpewXmtUndaK7sLMAc+t4x3NSRLBmEgXcEN7HpXMYL7N5rTaK6rIlgaTN4wdrM/dpSW3bRXDHM+r0FZhnHCc NDFa3WLCKp0D0pKeV/baSpvaf9eReqbvd7xl10FWHGbAH2FQX9NzM0pkfeBy84fzc+/bR6TjvoNXqDJihA79Ep+oLO0BQRBOg7+oF+Or+c384f57YL3d5aaV6hO8v5+w89pW/y</latexit>
kx
<latexit sha1_base64="9+tO1W7Xh0rKKZ58Jngn90bxODM=">AAAEKnicbZPNatwwEMeVuB /p9itJj72YLoXdQ4wdCk2hhNBeekxptwnYZpHl8a5YWTKS7N3F+BF6bZ+iT9NT6LUPUtneLRs7AsvD/ObPjGakKGNUade92du37t1/8PDg0eDxk6fPnh8eHX9TIpcEJkQwIa8jrIBRDhNNNYPrTA JOIwZX0eJjza8KkIoK/lWvMwhTPOM0oQRr4/qymK6mh0PXcZtl9w1vYwzRZl1Oj6zjIBYkT4FrwrBSvudmOiyx1JQwqAZBriDDZIFn4BuT4xRUWDa1VvZr44ntREjzcW033l1FiVOl1mlkIlOs56 rLauddzM91chaWlGe5Bk7aREnObC3s+uB2TCUQzdbGwERSU6tN5lhiok17BoOAw5KINMU8LoP3VRkwzGfNaXYBGFBgCZmiTPAOzLOq3rCUYtlBsVjyqv1tsYTdgHND5TbjbTSqi4FEj3pkXIvob K7HPeRvRH6PhFtR2ENF5XthGdS9jZJy6FWmi3ZQ2CfndmF6Z2Y2ipJx52TKXIF5VcZ2MFdmFlCeuM4ZrKpA5gx8zzmFVVi2rtLxzN5pTaTarJFgcT14wZrM3dpiU3ZWXzHMur0FZhjHEcN9FS22L CCx0B0pyeV/baCpuafdeWeqavY7xp21FWHGTAHmFXndN9M3JqfOO8f7/GZ48WHznA7QS/QKjZCH3qIL9AldogkiaIa+ox/op/XL+m3dWH/a0P29jeYFurWsv/8AlShxGA==</latexit><latexit sha1_base64="9+tO1W7Xh0rKKZ58Jngn90bxODM=">AAAEKnicbZPNatwwEMeVuB /p9itJj72YLoXdQ4wdCk2hhNBeekxptwnYZpHl8a5YWTKS7N3F+BF6bZ+iT9NT6LUPUtneLRs7AsvD/ObPjGakKGNUade92du37t1/8PDg0eDxk6fPnh8eHX9TIpcEJkQwIa8jrIBRDhNNNYPrTA JOIwZX0eJjza8KkIoK/lWvMwhTPOM0oQRr4/qymK6mh0PXcZtl9w1vYwzRZl1Oj6zjIBYkT4FrwrBSvudmOiyx1JQwqAZBriDDZIFn4BuT4xRUWDa1VvZr44ntREjzcW033l1FiVOl1mlkIlOs56 rLauddzM91chaWlGe5Bk7aREnObC3s+uB2TCUQzdbGwERSU6tN5lhiok17BoOAw5KINMU8LoP3VRkwzGfNaXYBGFBgCZmiTPAOzLOq3rCUYtlBsVjyqv1tsYTdgHND5TbjbTSqi4FEj3pkXIvob K7HPeRvRH6PhFtR2ENF5XthGdS9jZJy6FWmi3ZQ2CfndmF6Z2Y2ipJx52TKXIF5VcZ2MFdmFlCeuM4ZrKpA5gx8zzmFVVi2rtLxzN5pTaTarJFgcT14wZrM3dpiU3ZWXzHMur0FZhjHEcN9FS22L CCx0B0pyeV/baCpuafdeWeqavY7xp21FWHGTAHmFXndN9M3JqfOO8f7/GZ48WHznA7QS/QKjZCH3qIL9AldogkiaIa+ox/op/XL+m3dWH/a0P29jeYFurWsv/8AlShxGA==</latexit><latexit sha1_base64="9+tO1W7Xh0rKKZ58Jngn90bxODM=">AAAEKnicbZPNatwwEMeVuB /p9itJj72YLoXdQ4wdCk2hhNBeekxptwnYZpHl8a5YWTKS7N3F+BF6bZ+iT9NT6LUPUtneLRs7AsvD/ObPjGakKGNUade92du37t1/8PDg0eDxk6fPnh8eHX9TIpcEJkQwIa8jrIBRDhNNNYPrTA JOIwZX0eJjza8KkIoK/lWvMwhTPOM0oQRr4/qymK6mh0PXcZtl9w1vYwzRZl1Oj6zjIBYkT4FrwrBSvudmOiyx1JQwqAZBriDDZIFn4BuT4xRUWDa1VvZr44ntREjzcW033l1FiVOl1mlkIlOs56 rLauddzM91chaWlGe5Bk7aREnObC3s+uB2TCUQzdbGwERSU6tN5lhiok17BoOAw5KINMU8LoP3VRkwzGfNaXYBGFBgCZmiTPAOzLOq3rCUYtlBsVjyqv1tsYTdgHND5TbjbTSqi4FEj3pkXIvob K7HPeRvRH6PhFtR2ENF5XthGdS9jZJy6FWmi3ZQ2CfndmF6Z2Y2ipJx52TKXIF5VcZ2MFdmFlCeuM4ZrKpA5gx8zzmFVVi2rtLxzN5pTaTarJFgcT14wZrM3dpiU3ZWXzHMur0FZhjHEcN9FS22L CCx0B0pyeV/baCpuafdeWeqavY7xp21FWHGTAHmFXndN9M3JqfOO8f7/GZ48WHznA7QS/QKjZCH3qIL9AldogkiaIa+ox/op/XL+m3dWH/a0P29jeYFurWsv/8AlShxGA==</latexit><latexit sha1_base64="9+tO1W7Xh0rKKZ58Jngn90bxODM=">AAAEKnicbZPNatwwEMeVuB /p9itJj72YLoXdQ4wdCk2hhNBeekxptwnYZpHl8a5YWTKS7N3F+BF6bZ+iT9NT6LUPUtneLRs7AsvD/ObPjGakKGNUade92du37t1/8PDg0eDxk6fPnh8eHX9TIpcEJkQwIa8jrIBRDhNNNYPrTA JOIwZX0eJjza8KkIoK/lWvMwhTPOM0oQRr4/qymK6mh0PXcZtl9w1vYwzRZl1Oj6zjIBYkT4FrwrBSvudmOiyx1JQwqAZBriDDZIFn4BuT4xRUWDa1VvZr44ntREjzcW033l1FiVOl1mlkIlOs56 rLauddzM91chaWlGe5Bk7aREnObC3s+uB2TCUQzdbGwERSU6tN5lhiok17BoOAw5KINMU8LoP3VRkwzGfNaXYBGFBgCZmiTPAOzLOq3rCUYtlBsVjyqv1tsYTdgHND5TbjbTSqi4FEj3pkXIvob K7HPeRvRH6PhFtR2ENF5XthGdS9jZJy6FWmi3ZQ2CfndmF6Z2Y2ipJx52TKXIF5VcZ2MFdmFlCeuM4ZrKpA5gx8zzmFVVi2rtLxzN5pTaTarJFgcT14wZrM3dpiU3ZWXzHMur0FZhjHEcN9FS22L CCx0B0pyeV/baCpuafdeWeqavY7xp21FWHGTAHmFXndN9M3JqfOO8f7/GZ48WHznA7QS/QKjZCH3qIL9AldogkiaIa+ox/op/XL+m3dWH/a0P29jeYFurWsv/8AlShxGA==</latexit>
"(k)
<latexit sha1_base64="oqp0MQ/2UT/y7g8n+IJT743SFwY=">AAAEMXicbZPNbtQwEMfdho+yfLXlyCVihb R7aLSpkCgSqiq4cCwSSyviqHKcya61jh3Zzm5XVt6CKzwFLwMnxJWXwNnsom1SS3FG85u/ZjxjJwVn2oxGP3d2vTt3793fe9B7+Ojxk6f7B4eftSwVhTGVXKrLhGjgTMDYMMPhslBA8oTDRTJ7X/OLOSjNpPhklgXEOZkIljFKj HN9wTDAibazani13x8Fo9Xyu0a4Nvpovc6vDrxDnEpa5iAM5UTrKBwVJrZEGUY5VD1caigInZEJRM4UJAcd21XJlf/SeVI/k8p9wvgr77bCklzrZZ64yJyYqW6z2nkbi0qTncSWiaI0IGiTKCu5b6Rfn99PmQJq+NIZhCrmavX plChCjetSr4cFLKjMcyJSi99WFnMiJqvTbANwYE4UFJpxKVqwLKp6I0rJRQulciGq5rfBCrYDTh1Vm4w30aAuBjIz6JBhLWKTqRl2ULQWRR0Sb0RxB82rKIwtrnubZLYfVq6LPp77R6f+3PXOzWyQZMPWybS7AtPKpj6eajcLsE ej4ASuK6xKDlEYHMN1bBuXDUK3t1qT6CZrInlaD17yVeZ2bakru6ivGOHt3gJ3TJCEk66KzTcM01SalpSW6r8WG+buaXveha5W+y3jLpqKCOeuAPeKwvab6Rrj4+BNEH581T97t35Oe+g5eoEGKESv0Rn6gM7RGFEk0Ff0DX33f ni/vN/enyZ0d2eteYZuLO/vP7d5c8I=</latexit><latexit sha1_base64="oqp0MQ/2UT/y7g8n+IJT743SFwY=">AAAEMXicbZPNbtQwEMfdho+yfLXlyCVihb R7aLSpkCgSqiq4cCwSSyviqHKcya61jh3Zzm5XVt6CKzwFLwMnxJWXwNnsom1SS3FG85u/ZjxjJwVn2oxGP3d2vTt3793fe9B7+Ojxk6f7B4eftSwVhTGVXKrLhGjgTMDYMMPhslBA8oTDRTJ7X/OLOSjNpPhklgXEOZkIljFKj HN9wTDAibazani13x8Fo9Xyu0a4Nvpovc6vDrxDnEpa5iAM5UTrKBwVJrZEGUY5VD1caigInZEJRM4UJAcd21XJlf/SeVI/k8p9wvgr77bCklzrZZ64yJyYqW6z2nkbi0qTncSWiaI0IGiTKCu5b6Rfn99PmQJq+NIZhCrmavX plChCjetSr4cFLKjMcyJSi99WFnMiJqvTbANwYE4UFJpxKVqwLKp6I0rJRQulciGq5rfBCrYDTh1Vm4w30aAuBjIz6JBhLWKTqRl2ULQWRR0Sb0RxB82rKIwtrnubZLYfVq6LPp77R6f+3PXOzWyQZMPWybS7AtPKpj6eajcLsE ej4ASuK6xKDlEYHMN1bBuXDUK3t1qT6CZrInlaD17yVeZ2bakru6ivGOHt3gJ3TJCEk66KzTcM01SalpSW6r8WG+buaXveha5W+y3jLpqKCOeuAPeKwvab6Rrj4+BNEH581T97t35Oe+g5eoEGKESv0Rn6gM7RGFEk0Ff0DX33f ni/vN/enyZ0d2eteYZuLO/vP7d5c8I=</latexit><latexit sha1_base64="oqp0MQ/2UT/y7g8n+IJT743SFwY=">AAAEMXicbZPNbtQwEMfdho+yfLXlyCVihb R7aLSpkCgSqiq4cCwSSyviqHKcya61jh3Zzm5XVt6CKzwFLwMnxJWXwNnsom1SS3FG85u/ZjxjJwVn2oxGP3d2vTt3793fe9B7+Ojxk6f7B4eftSwVhTGVXKrLhGjgTMDYMMPhslBA8oTDRTJ7X/OLOSjNpPhklgXEOZkIljFKj HN9wTDAibazani13x8Fo9Xyu0a4Nvpovc6vDrxDnEpa5iAM5UTrKBwVJrZEGUY5VD1caigInZEJRM4UJAcd21XJlf/SeVI/k8p9wvgr77bCklzrZZ64yJyYqW6z2nkbi0qTncSWiaI0IGiTKCu5b6Rfn99PmQJq+NIZhCrmavX plChCjetSr4cFLKjMcyJSi99WFnMiJqvTbANwYE4UFJpxKVqwLKp6I0rJRQulciGq5rfBCrYDTh1Vm4w30aAuBjIz6JBhLWKTqRl2ULQWRR0Sb0RxB82rKIwtrnubZLYfVq6LPp77R6f+3PXOzWyQZMPWybS7AtPKpj6eajcLsE ej4ASuK6xKDlEYHMN1bBuXDUK3t1qT6CZrInlaD17yVeZ2bakru6ivGOHt3gJ3TJCEk66KzTcM01SalpSW6r8WG+buaXveha5W+y3jLpqKCOeuAPeKwvab6Rrj4+BNEH581T97t35Oe+g5eoEGKESv0Rn6gM7RGFEk0Ff0DX33f ni/vN/enyZ0d2eteYZuLO/vP7d5c8I=</latexit><latexit sha1_base64="oqp0MQ/2UT/y7g8n+IJT743SFwY=">AAAEMXicbZPNbtQwEMfdho+yfLXlyCVihb R7aLSpkCgSqiq4cCwSSyviqHKcya61jh3Zzm5XVt6CKzwFLwMnxJWXwNnsom1SS3FG85u/ZjxjJwVn2oxGP3d2vTt3793fe9B7+Ojxk6f7B4eftSwVhTGVXKrLhGjgTMDYMMPhslBA8oTDRTJ7X/OLOSjNpPhklgXEOZkIljFKj HN9wTDAibazani13x8Fo9Xyu0a4Nvpovc6vDrxDnEpa5iAM5UTrKBwVJrZEGUY5VD1caigInZEJRM4UJAcd21XJlf/SeVI/k8p9wvgr77bCklzrZZ64yJyYqW6z2nkbi0qTncSWiaI0IGiTKCu5b6Rfn99PmQJq+NIZhCrmavX plChCjetSr4cFLKjMcyJSi99WFnMiJqvTbANwYE4UFJpxKVqwLKp6I0rJRQulciGq5rfBCrYDTh1Vm4w30aAuBjIz6JBhLWKTqRl2ULQWRR0Sb0RxB82rKIwtrnubZLYfVq6LPp77R6f+3PXOzWyQZMPWybS7AtPKpj6eajcLsE ej4ASuK6xKDlEYHMN1bBuXDUK3t1qT6CZrInlaD17yVeZ2bakru6ivGOHt3gJ3TJCEk66KzTcM01SalpSW6r8WG+buaXveha5W+y3jLpqKCOeuAPeKwvab6Rrj4+BNEH581T97t35Oe+g5eoEGKESv0Rn6gM7RGFEk0Ff0DX33f ni/vN/enyZ0d2eteYZuLO/vP7d5c8I=</latexit>
2⇡
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⇡
2<latexit sha1_base64="h5yhWiNakYSdcyZGY4vH7yyI29I=">AAAENHicbZPdbtMwFMe9hY9RvrZxyU1EhdRerEoqJIaEpgluuBwSZZPiaHKck9aaYwfbaVdZeQ5u4Sl4 Fi64QtzyDDhNi7pkluIcnZ//8vH/2EnBmTZB8HNn17tz9979vQe9h48eP3m6f3D4WctSUZhQyaW6SIgGzgRMDDMcLgoFJE84nCdX72t+PgelmRSfzLKAOCdTwTJGiXGpGGeKUIsLVtlxdbnfD0bBavjdIFwHfbQeZ5cH3iFOJS1zEIZyonUUBoWJLVGGUQ5VD5caCkKvyBQiFwqSg47tqurKf+kyqZ9J5T5h/FV2W2FJrvUyT9zKnJiZbrM6eRuLSpMdx5 aJojQgaLNRVnLfSL+2wE+ZAmr40gWEKuZq9emMOCOMM6rXwwIWVOY5EanFbyuLORHT1Wm2ATgwJwoKzbgULVgWVT0RpeSihVK5EFXz22AF2wtOHFWbHW+iQV0MZGbQIcNaxKYzM+ygaC2KOiTeiOIOmldRGFtce5tkth9WzkUfz/2jE3/uvHM9GyTZsHUy7a7ArLKpj2fa9QLsUTA6husKq5JDFI7GcB3bJmVHoZtb1iS62TWRPK0bL/lq53ZtqSu7qK8Y4 W1vgTsmSMJJV8XmG4ZpKk1LSkv1X4sNc/e03e9CV6v5lnYXTUWEc1eAe0Vh+810g8l49GYUfnzVP323fk576Dl6gQYoRK/RKfqAztAEUfQFfUXf0Hfvh/fL++39aZbu7qw1z9CN4f39B31vdYk=</latexit><latexit sha1_base64="h5yhWiNakYSdcyZGY4vH7yyI29I=">AAAENHicbZPdbtMwFMe9hY9RvrZxyU1EhdRerEoqJIaEpgluuBwSZZPiaHKck9aaYwfbaVdZeQ5u4Sl4 Fi64QtzyDDhNi7pkluIcnZ//8vH/2EnBmTZB8HNn17tz9979vQe9h48eP3m6f3D4WctSUZhQyaW6SIgGzgRMDDMcLgoFJE84nCdX72t+PgelmRSfzLKAOCdTwTJGiXGpGGeKUIsLVtlxdbnfD0bBavjdIFwHfbQeZ5cH3iFOJS1zEIZyonUUBoWJLVGGUQ5VD5caCkKvyBQiFwqSg47tqurKf+kyqZ9J5T5h/FV2W2FJrvUyT9zKnJiZbrM6eRuLSpMdx5 aJojQgaLNRVnLfSL+2wE+ZAmr40gWEKuZq9emMOCOMM6rXwwIWVOY5EanFbyuLORHT1Wm2ATgwJwoKzbgULVgWVT0RpeSihVK5EFXz22AF2wtOHFWbHW+iQV0MZGbQIcNaxKYzM+ygaC2KOiTeiOIOmldRGFtce5tkth9WzkUfz/2jE3/uvHM9GyTZsHUy7a7ArLKpj2fa9QLsUTA6husKq5JDFI7GcB3bJmVHoZtb1iS62TWRPK0bL/lq53ZtqSu7qK8Y4 W1vgTsmSMJJV8XmG4ZpKk1LSkv1X4sNc/e03e9CV6v5lnYXTUWEc1eAe0Vh+810g8l49GYUfnzVP323fk576Dl6gQYoRK/RKfqAztAEUfQFfUXf0Hfvh/fL++39aZbu7qw1z9CN4f39B31vdYk=</latexit><latexit sha1_base64="h5yhWiNakYSdcyZGY4vH7yyI29I=">AAAENHicbZPdbtMwFMe9hY9RvrZxyU1EhdRerEoqJIaEpgluuBwSZZPiaHKck9aaYwfbaVdZeQ5u4Sl4 Fi64QtzyDDhNi7pkluIcnZ//8vH/2EnBmTZB8HNn17tz9979vQe9h48eP3m6f3D4WctSUZhQyaW6SIgGzgRMDDMcLgoFJE84nCdX72t+PgelmRSfzLKAOCdTwTJGiXGpGGeKUIsLVtlxdbnfD0bBavjdIFwHfbQeZ5cH3iFOJS1zEIZyonUUBoWJLVGGUQ5VD5caCkKvyBQiFwqSg47tqurKf+kyqZ9J5T5h/FV2W2FJrvUyT9zKnJiZbrM6eRuLSpMdx5 aJojQgaLNRVnLfSL+2wE+ZAmr40gWEKuZq9emMOCOMM6rXwwIWVOY5EanFbyuLORHT1Wm2ATgwJwoKzbgULVgWVT0RpeSihVK5EFXz22AF2wtOHFWbHW+iQV0MZGbQIcNaxKYzM+ygaC2KOiTeiOIOmldRGFtce5tkth9WzkUfz/2jE3/uvHM9GyTZsHUy7a7ArLKpj2fa9QLsUTA6husKq5JDFI7GcB3bJmVHoZtb1iS62TWRPK0bL/lq53ZtqSu7qK8Y4 W1vgTsmSMJJV8XmG4ZpKk1LSkv1X4sNc/e03e9CV6v5lnYXTUWEc1eAe0Vh+810g8l49GYUfnzVP323fk576Dl6gQYoRK/RKfqAztAEUfQFfUXf0Hfvh/fL++39aZbu7qw1z9CN4f39B31vdYk=</latexit><latexit sha1_base64="h5yhWiNakYSdcyZGY4vH7yyI29I=">AAAENHicbZPdbtMwFMe9hY9RvrZxyU1EhdRerEoqJIaEpgluuBwSZZPiaHKck9aaYwfbaVdZeQ5u4Sl4 Fi64QtzyDDhNi7pkluIcnZ//8vH/2EnBmTZB8HNn17tz9979vQe9h48eP3m6f3D4WctSUZhQyaW6SIgGzgRMDDMcLgoFJE84nCdX72t+PgelmRSfzLKAOCdTwTJGiXGpGGeKUIsLVtlxdbnfD0bBavjdIFwHfbQeZ5cH3iFOJS1zEIZyonUUBoWJLVGGUQ5VD5caCkKvyBQiFwqSg47tqurKf+kyqZ9J5T5h/FV2W2FJrvUyT9zKnJiZbrM6eRuLSpMdx5 aJojQgaLNRVnLfSL+2wE+ZAmr40gWEKuZq9emMOCOMM6rXwwIWVOY5EanFbyuLORHT1Wm2ATgwJwoKzbgULVgWVT0RpeSihVK5EFXz22AF2wtOHFWbHW+iQV0MZGbQIcNaxKYzM+ygaC2KOiTeiOIOmldRGFtce5tkth9WzkUfz/2jE3/uvHM9GyTZsHUy7a7ArLKpj2fa9QLsUTA6husKq5JDFI7GcB3bJmVHoZtb1iS62TWRPK0bL/lq53ZtqSu7qK8Y4 W1vgTsmSMJJV8XmG4ZpKk1LSkv1X4sNc/e03e9CV6v5lnYXTUWEc1eAe0Vh+810g8l49GYUfnzVP323fk576Dl6gQYoRK/RKfqAztAEUfQFfUXf0Hfvh/fL++39aZbu7qw1z9CN4f39B31vdYk=</latexit>
⇡
<latexit sha1_base64="qVwSZAobnHQIgbk0glSzhWygMGU=">AAAEKnicbZPNatwwEMeVuB/p9itJj72YLoX NIcYOhaZQQmgvPaa02wRsE2R5vCsiS0KSvVmMH6HX9in6ND2FXvsgle3dsrEjsDzMb/7MaEZKJKPa+P7N1rZz7/6DhzuPRo+fPH32fHdv/5sWhSIwJYIJdZFgDYxymBpqGFxIBThPGJwnVx8bfl6C0lTwr2YpIc7xjNOMEmys60s k6eXu2Pf8drlDI1gZY7RaZ5d7zn6UClLkwA1hWOsw8KWJK6wMJQzqUVRokJhc4RmE1uQ4Bx1Xba21+9p6UjcTyn7cuK13U1HhXOtlntjIHJu57rPGeRcLC5MdxxXlsjDASZcoK5hrhNsc3E2pAmLY0hqYKGprdckcK0yMbc9oFHF YEJHnmKdV9L6uIob5rD3NJgALSqxAasoE78FC1s2GlRKLHkrFgtfdb40VbAacWKrWGW+jSVMMZGYyIAeNiM7m5mCAwpUoHJB4LYoHqKzDIK6iprdJVo2D2nbRjUr38MQtbe/szCZJdtA7mbZXYF5XqRvNtZ0FVIe+dwzXdaQKBmH gHcF1XHWuygvs3mtNorusiWBpM3jB2sz92lJbtmyuGGb93gKzjOOE4aGKlmsWkVSYnpQU6r82MtTe0/68pa7b/Y5xy64izJgtwL6ioP9mhsb0yHvnBZ/fjE8/rJ7TDnqJXqEJCtBbdIo+oTM0RQTN0Hf0A/10fjm/nRvnTxe6vbXS vEC3lvP3H2QncQs=</latexit><latexit sha1_base64="qVwSZAobnHQIgbk0glSzhWygMGU=">AAAEKnicbZPNatwwEMeVuB/p9itJj72YLoX NIcYOhaZQQmgvPaa02wRsE2R5vCsiS0KSvVmMH6HX9in6ND2FXvsgle3dsrEjsDzMb/7MaEZKJKPa+P7N1rZz7/6DhzuPRo+fPH32fHdv/5sWhSIwJYIJdZFgDYxymBpqGFxIBThPGJwnVx8bfl6C0lTwr2YpIc7xjNOMEmys60s k6eXu2Pf8drlDI1gZY7RaZ5d7zn6UClLkwA1hWOsw8KWJK6wMJQzqUVRokJhc4RmE1uQ4Bx1Xba21+9p6UjcTyn7cuK13U1HhXOtlntjIHJu57rPGeRcLC5MdxxXlsjDASZcoK5hrhNsc3E2pAmLY0hqYKGprdckcK0yMbc9oFHF YEJHnmKdV9L6uIob5rD3NJgALSqxAasoE78FC1s2GlRKLHkrFgtfdb40VbAacWKrWGW+jSVMMZGYyIAeNiM7m5mCAwpUoHJB4LYoHqKzDIK6iprdJVo2D2nbRjUr38MQtbe/szCZJdtA7mbZXYF5XqRvNtZ0FVIe+dwzXdaQKBmH gHcF1XHWuygvs3mtNorusiWBpM3jB2sz92lJbtmyuGGb93gKzjOOE4aGKlmsWkVSYnpQU6r82MtTe0/68pa7b/Y5xy64izJgtwL6ioP9mhsb0yHvnBZ/fjE8/rJ7TDnqJXqEJCtBbdIo+oTM0RQTN0Hf0A/10fjm/nRvnTxe6vbXS vEC3lvP3H2QncQs=</latexit><latexit sha1_base64="qVwSZAobnHQIgbk0glSzhWygMGU=">AAAEKnicbZPNatwwEMeVuB/p9itJj72YLoX NIcYOhaZQQmgvPaa02wRsE2R5vCsiS0KSvVmMH6HX9in6ND2FXvsgle3dsrEjsDzMb/7MaEZKJKPa+P7N1rZz7/6DhzuPRo+fPH32fHdv/5sWhSIwJYIJdZFgDYxymBpqGFxIBThPGJwnVx8bfl6C0lTwr2YpIc7xjNOMEmys60s k6eXu2Pf8drlDI1gZY7RaZ5d7zn6UClLkwA1hWOsw8KWJK6wMJQzqUVRokJhc4RmE1uQ4Bx1Xba21+9p6UjcTyn7cuK13U1HhXOtlntjIHJu57rPGeRcLC5MdxxXlsjDASZcoK5hrhNsc3E2pAmLY0hqYKGprdckcK0yMbc9oFHF YEJHnmKdV9L6uIob5rD3NJgALSqxAasoE78FC1s2GlRKLHkrFgtfdb40VbAacWKrWGW+jSVMMZGYyIAeNiM7m5mCAwpUoHJB4LYoHqKzDIK6iprdJVo2D2nbRjUr38MQtbe/szCZJdtA7mbZXYF5XqRvNtZ0FVIe+dwzXdaQKBmH gHcF1XHWuygvs3mtNorusiWBpM3jB2sz92lJbtmyuGGb93gKzjOOE4aGKlmsWkVSYnpQU6r82MtTe0/68pa7b/Y5xy64izJgtwL6ioP9mhsb0yHvnBZ/fjE8/rJ7TDnqJXqEJCtBbdIo+oTM0RQTN0Hf0A/10fjm/nRvnTxe6vbXS vEC3lvP3H2QncQs=</latexit><latexit sha1_base64="qVwSZAobnHQIgbk0glSzhWygMGU=">AAAEKnicbZPNatwwEMeVuB/p9itJj72YLoX NIcYOhaZQQmgvPaa02wRsE2R5vCsiS0KSvVmMH6HX9in6ND2FXvsgle3dsrEjsDzMb/7MaEZKJKPa+P7N1rZz7/6DhzuPRo+fPH32fHdv/5sWhSIwJYIJdZFgDYxymBpqGFxIBThPGJwnVx8bfl6C0lTwr2YpIc7xjNOMEmys60s k6eXu2Pf8drlDI1gZY7RaZ5d7zn6UClLkwA1hWOsw8KWJK6wMJQzqUVRokJhc4RmE1uQ4Bx1Xba21+9p6UjcTyn7cuK13U1HhXOtlntjIHJu57rPGeRcLC5MdxxXlsjDASZcoK5hrhNsc3E2pAmLY0hqYKGprdckcK0yMbc9oFHF YEJHnmKdV9L6uIob5rD3NJgALSqxAasoE78FC1s2GlRKLHkrFgtfdb40VbAacWKrWGW+jSVMMZGYyIAeNiM7m5mCAwpUoHJB4LYoHqKzDIK6iprdJVo2D2nbRjUr38MQtbe/szCZJdtA7mbZXYF5XqRvNtZ0FVIe+dwzXdaQKBmH gHcF1XHWuygvs3mtNorusiWBpM3jB2sz92lJbtmyuGGb93gKzjOOE4aGKlmsWkVSYnpQU6r82MtTe0/68pa7b/Y5xy64izJgtwL6ioP9mhsb0yHvnBZ/fjE8/rJ7TDnqJXqEJCtBbdIo+oTM0RQTN0Hf0A/10fjm/nRvnTxe6vbXS vEC3lvP3H2QncQs=</latexit>
 ⇡
<latexit sha1_base64="fsi6ttI+J8aKjpDO4uOlkX+WZuE=">AAAEK3icbZPNatwwEMeVuB/p9itJj72YLoX dwxo7BJpCCaG99JhCtwnYJsjyeC0iS0aSvVmMX6HX9in6NL209Nr3qGzvlo0dgeVhfvNnRjNSlDOqtOv+2tm17t1/8HDv0ejxk6fPnu8fHH5RopAE5kQwIS8jrIBRDnNNNYPLXALOIgYX0fWHhl+UIBUV/LNe5RBmeMFpQgnWjWs W5PRqf+w6brvsoeGtjTFar/OrA+swiAUpMuCaMKyU77m5DissNSUM6lFQKMgxucYL8I3JcQYqrNpia/u18cR2IqT5uLZb77aiwplSqywykRnWqeqzxnkX8wudnIQV5XmhgZMuUVIwWwu7ObkdUwlEs5UxMJHU1GqTFEtMtOnPaBR wWBKRZZjHVfCurgKG+aI9zTYAA0osIVeUCd6DRV43G5ZSLHsoFkted78NlrAdcGqo3GS8jSZNMZDoyYBMGxFdpHo6QP5a5A9IuBGFA1TWvhdWQdPbKKnGXm26aAelPTu1S9M7M7NJlEx7J1PmCqR1FdtBqswsoJq5zgnc1IEsGPi ecwQ3YdW5Kscze681keqyRoLFzeAFazP3a4tN2XlzxTDr9xaYYRxHDA9VtNywgMRC96SkkP+1gabmnvbnnau63e8Yd95VhBkzBZhX5PXfzNCYHzlvHe/T8fjs/fo57aGX6BWaIA+9QWfoIzpHc0RQir6ib+i79cP6af22/nShuztr zQt0a1l//wE1WXFC</latexit><latexit sha1_base64="fsi6ttI+J8aKjpDO4uOlkX+WZuE=">AAAEK3icbZPNatwwEMeVuB/p9itJj72YLoX dwxo7BJpCCaG99JhCtwnYJsjyeC0iS0aSvVmMX6HX9in6NL209Nr3qGzvlo0dgeVhfvNnRjNSlDOqtOv+2tm17t1/8HDv0ejxk6fPnu8fHH5RopAE5kQwIS8jrIBRDnNNNYPLXALOIgYX0fWHhl+UIBUV/LNe5RBmeMFpQgnWjWs W5PRqf+w6brvsoeGtjTFar/OrA+swiAUpMuCaMKyU77m5DissNSUM6lFQKMgxucYL8I3JcQYqrNpia/u18cR2IqT5uLZb77aiwplSqywykRnWqeqzxnkX8wudnIQV5XmhgZMuUVIwWwu7ObkdUwlEs5UxMJHU1GqTFEtMtOnPaBR wWBKRZZjHVfCurgKG+aI9zTYAA0osIVeUCd6DRV43G5ZSLHsoFkted78NlrAdcGqo3GS8jSZNMZDoyYBMGxFdpHo6QP5a5A9IuBGFA1TWvhdWQdPbKKnGXm26aAelPTu1S9M7M7NJlEx7J1PmCqR1FdtBqswsoJq5zgnc1IEsGPi ecwQ3YdW5Kscze681keqyRoLFzeAFazP3a4tN2XlzxTDr9xaYYRxHDA9VtNywgMRC96SkkP+1gabmnvbnnau63e8Yd95VhBkzBZhX5PXfzNCYHzlvHe/T8fjs/fo57aGX6BWaIA+9QWfoIzpHc0RQir6ib+i79cP6af22/nShuztr zQt0a1l//wE1WXFC</latexit><latexit sha1_base64="fsi6ttI+J8aKjpDO4uOlkX+WZuE=">AAAEK3icbZPNatwwEMeVuB/p9itJj72YLoX dwxo7BJpCCaG99JhCtwnYJsjyeC0iS0aSvVmMX6HX9in6NL209Nr3qGzvlo0dgeVhfvNnRjNSlDOqtOv+2tm17t1/8HDv0ejxk6fPnu8fHH5RopAE5kQwIS8jrIBRDnNNNYPLXALOIgYX0fWHhl+UIBUV/LNe5RBmeMFpQgnWjWs W5PRqf+w6brvsoeGtjTFar/OrA+swiAUpMuCaMKyU77m5DissNSUM6lFQKMgxucYL8I3JcQYqrNpia/u18cR2IqT5uLZb77aiwplSqywykRnWqeqzxnkX8wudnIQV5XmhgZMuUVIwWwu7ObkdUwlEs5UxMJHU1GqTFEtMtOnPaBR wWBKRZZjHVfCurgKG+aI9zTYAA0osIVeUCd6DRV43G5ZSLHsoFkted78NlrAdcGqo3GS8jSZNMZDoyYBMGxFdpHo6QP5a5A9IuBGFA1TWvhdWQdPbKKnGXm26aAelPTu1S9M7M7NJlEx7J1PmCqR1FdtBqswsoJq5zgnc1IEsGPi ecwQ3YdW5Kscze681keqyRoLFzeAFazP3a4tN2XlzxTDr9xaYYRxHDA9VtNywgMRC96SkkP+1gabmnvbnnau63e8Yd95VhBkzBZhX5PXfzNCYHzlvHe/T8fjs/fo57aGX6BWaIA+9QWfoIzpHc0RQir6ib+i79cP6af22/nShuztr zQt0a1l//wE1WXFC</latexit><latexit sha1_base64="fsi6ttI+J8aKjpDO4uOlkX+WZuE=">AAAEK3icbZPNatwwEMeVuB/p9itJj72YLoX dwxo7BJpCCaG99JhCtwnYJsjyeC0iS0aSvVmMX6HX9in6NL209Nr3qGzvlo0dgeVhfvNnRjNSlDOqtOv+2tm17t1/8HDv0ejxk6fPnu8fHH5RopAE5kQwIS8jrIBRDnNNNYPLXALOIgYX0fWHhl+UIBUV/LNe5RBmeMFpQgnWjWs W5PRqf+w6brvsoeGtjTFar/OrA+swiAUpMuCaMKyU77m5DissNSUM6lFQKMgxucYL8I3JcQYqrNpia/u18cR2IqT5uLZb77aiwplSqywykRnWqeqzxnkX8wudnIQV5XmhgZMuUVIwWwu7ObkdUwlEs5UxMJHU1GqTFEtMtOnPaBR wWBKRZZjHVfCurgKG+aI9zTYAA0osIVeUCd6DRV43G5ZSLHsoFkted78NlrAdcGqo3GS8jSZNMZDoyYBMGxFdpHo6QP5a5A9IuBGFA1TWvhdWQdPbKKnGXm26aAelPTu1S9M7M7NJlEx7J1PmCqR1FdtBqswsoJq5zgnc1IEsGPi ecwQ3YdW5Kscze681keqyRoLFzeAFazP3a4tN2XlzxTDr9xaYYRxHDA9VtNywgMRC96SkkP+1gabmnvbnnau63e8Yd95VhBkzBZhX5PXfzNCYHzlvHe/T8fjs/fo57aGX6BWaIA+9QWfoIzpHc0RQir6ib+i79cP6af22/nShuztr zQt0a1l//wE1WXFC</latexit>
⇡
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FIG. 2. Floquet band structure – The four bands ε(k)
of the clean network model evolution operator at θ = pi/4,
plotted as a function of kx and ky across the Brillouin zone.
This mode indeed wraps the quasi-energy Brillouin
zone as k varies, and is manifestly absent in the other
phase of the model (θ ≈ 0), demonstrating that
χ(UCCN(θ)) =
{
0 0 ≤ θ < pi/4
1 pi/4 < θ ≤ pi/2 (4)
and hence that the network model describes a Floquet
chiral unitary index changing phase transition.
Although inspection of the stroboscopic edge motion
is sufficient to give the value of bulk invariant χ via
the bulk-boundary correspondence established in [6], it
is also reassuring to compute χ directly from the network
model in the bulk by considering a system with periodic
boundary conditions. Here, we face a known obstacle: to
compute χ from bulk behavior alone, it is not sufficient to
examine stroboscopic times (for which the bulk motion is
always trivial when all Cn = 0). Instead, one must exam-
ine the micro-motion within a single period. The network
model as formulated is blind to this micro-motion, and
additional choices are needed to define it (though the fi-
nal result will be independent of these choices).
Specifically we seek a continuous path in the space of
unitary matrices, from the identity to U . This can be
generated by a local Hamiltonian H(t) that acts on the
Hilbert space of the network model lattice for all times
0 ≤ t ≤ T within the Floquet period T = 1. That
is, we require U(t) = T e−i
∫ t
0
H(t1)dt1 (where T denotes
time ordering) such that U(T ) = U , the CCN unitary.
This relation does not uniquely fix H(t). However, if we
demand that H(t) is spatially local, any such choice of
H(t) will produce the same value of χ. The completeness
of the Floquet classification for lattice models [6, 14, 15]
also implies that any such local generating H(t) must
be explicitly time-dependent (in contrast to the static
Hamiltonian for continuum Landau levels).
To construct a generating H(t), we adopt a coupled-
wire perspective [16] by grouping the chiral segments of
4the model into pairs of alternating strips (Fig. 1). We
buildH(t) from a sequence of piecewise time-independent
Hamiltonians consisting of particle hoppings between dis-
joint pairs α, β of sites. These Hamiltonians are sums of
terms of the form hαβ = Jσ
y, where σy is the Pauli
matrix acting on the two amplitudes (ψα, ψβ)
T . When
applied for time t = λ/J this produces the unitary evolu-
tion uαβ(λ) = e
−iλσy . Opposite chiral motion at the edge
of each one-dimensional strip is produced in the second
and third portions of the period by applying sequential
SWAP operations, uαβ(λ = pi), on the horizontal and di-
agonal bonds, shown on lower panels 2 and 3 of Fig. 1.
Scattering is introduced via an initial partial swap step,
by applying uαβ(θ) and uαβ
(
pi
2 − θ
)
at the inter- or intra-
wire scattering nodes respectively (panel 1 of Fig. 1).
With a local generating Hamiltonian in hand, one can
compute χ directly via the formula [6]
χ[U˜ ] =
1
8pi2
∫
dtdkxdkyTr
(
U˜†∂tU˜
[
U˜†∂kxU˜ , U˜
†∂ky U˜
])
U˜(t,k) =
{
U(2t,k) 0 < t ≤ T/2
e+2iHF (t−T/2)U(T,k) T/2 < t ≤ T . (5)
Here, U˜(t) is the Floquet unitary time evolution U(t,k),
supplemented by backwards time-evolution under the
time-independent Floquet Hamiltonian U(T,k) =
e−iHFT , to deform U(t) into a unitary loop: U˜(0) =
U˜(T ) = 1. One can confirm Eq. 4 directly using Eq. 5.
This computation is simplest to do for θ = 0, pi/2, where
the network model unitary raised to the fourth power
is already a unitary loop: U4(T,k) = −1. Appealing to
the topological invariance under perturbations that do
not close gaps at quasi-energies 0, pi, we can then extend
this result to generic values of θ 6= pi/4.
Recovery of Chern bands – These observations natu-
rally raise the question: how can a model with zero Chern
number describe the quantum Hall transition? We now
show that a non-zero Chern number for the Landau band
of the continuum Hamiltonian is correctly recovered from
the eigenvectors of U when the network model parame-
ters are allowed to vary with energy in a realistic manner.
For clarity, we use the clean model in this discussion al-
though the results are general. Without disorder, the link
phases obey ϕi = ϕ(E) for all i, where ϕ(E) is a mono-
tonic function of energy E with an increment Φ across
the energy width of the disorder-broadened Landau level.
If there are many magnetic flux quanta per unit cell (the
natural regime for the network model) then Φ  1. In-
cluding ϕ(E), the quasi-energies of U are εn(k, θ)−ϕ(E).
Eigenenergies of the continuum problem form bands de-
fined by:
ϕ(E) = εn(k, θ) + 2pim (6)
for integer m. For large Φ there are many such bands.
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<latexit sha1_base64="spfeQ8WEHR7pSTLaWnoTglSsYtQ=">AAAEKnicbZPNatwwEMeVuB/p9itJj72YLoXNIWYdCk2hhNBeekxptwnYZpHl8a5YWTK S7M0i/Ai9tk/Rp+kp9NoHqWzvlo0dgeVhfvNnRjNSnDOq9Hh8s7Pr3Lv/4OHeo8HjJ0+fPd8/OPymRCEJTIhgQl7FWAGjHCaaagZXuQScxQwu48XHml+WIBUV/Kte5RBleMZpSgnW1vVlMV1N94djb9wst2/4a2OI1utieuAchokgRQZcE4aVCvxxriODpaaEQTUICwU5Jgs8g8CaHGegItPUWrmvrSdxUyHtx7XbeLc VBmdKrbLYRmZYz1WX1c67WFDo9DQylOeFBk7aRGnBXC3c+uBuQiUQzVbWwERSW6tL5lhiom17BoOQw5KILMM8MeH7yoQM81lzmm0AFpRYQq4oE7wDi7yqNyylWHZQIpa8an8bLGE74MxSucl4G43qYiDVox45qkV0NtdHPRSsRUGPRBtR1ENlFfiRCevexqkZ+pXtohuW7vGZW9re2ZmN4vSoczJlr8C8MokbzpWdBZj jsXcK11UoCwaB753AdWRal/F8u3daE6s2ayxYUg9esCZzt7bElp3XVwyzbm+BWcZxzHBfRcsNC0kidEdKCvlfG2pq72l33rmqmv2OcedtRZgxW4B9RX73zfSNyYn3zvM/vxmef1g/pz30Er1CI+Sjt+gcfUIXaIIImqHv6Af66fxyfjs3zp82dHdnrXmBbi3n7z+Y7HEZ</latexit><latexit sha1_base64="spfeQ8WEHR7pSTLaWnoTglSsYtQ=">AAAEKnicbZPNatwwEMeVuB/p9itJj72YLoXNIWYdCk2hhNBeekxptwnYZpHl8a5YWTK S7M0i/Ai9tk/Rp+kp9NoHqWzvlo0dgeVhfvNnRjNSnDOq9Hh8s7Pr3Lv/4OHeo8HjJ0+fPd8/OPymRCEJTIhgQl7FWAGjHCaaagZXuQScxQwu48XHml+WIBUV/Kte5RBleMZpSgnW1vVlMV1N94djb9wst2/4a2OI1utieuAchokgRQZcE4aVCvxxriODpaaEQTUICwU5Jgs8g8CaHGegItPUWrmvrSdxUyHtx7XbeLc VBmdKrbLYRmZYz1WX1c67WFDo9DQylOeFBk7aRGnBXC3c+uBuQiUQzVbWwERSW6tL5lhiom17BoOQw5KILMM8MeH7yoQM81lzmm0AFpRYQq4oE7wDi7yqNyylWHZQIpa8an8bLGE74MxSucl4G43qYiDVox45qkV0NtdHPRSsRUGPRBtR1ENlFfiRCevexqkZ+pXtohuW7vGZW9re2ZmN4vSoczJlr8C8MokbzpWdBZj jsXcK11UoCwaB753AdWRal/F8u3daE6s2ayxYUg9esCZzt7bElp3XVwyzbm+BWcZxzHBfRcsNC0kidEdKCvlfG2pq72l33rmqmv2OcedtRZgxW4B9RX73zfSNyYn3zvM/vxmef1g/pz30Er1CI+Sjt+gcfUIXaIIImqHv6Af66fxyfjs3zp82dHdnrXmBbi3n7z+Y7HEZ</latexit><latexit sha1_base64="spfeQ8WEHR7pSTLaWnoTglSsYtQ=">AAAEKnicbZPNatwwEMeVuB/p9itJj72YLoXNIWYdCk2hhNBeekxptwnYZpHl8a5YWTK S7M0i/Ai9tk/Rp+kp9NoHqWzvlo0dgeVhfvNnRjNSnDOq9Hh8s7Pr3Lv/4OHeo8HjJ0+fPd8/OPymRCEJTIhgQl7FWAGjHCaaagZXuQScxQwu48XHml+WIBUV/Kte5RBleMZpSgnW1vVlMV1N94djb9wst2/4a2OI1utieuAchokgRQZcE4aVCvxxriODpaaEQTUICwU5Jgs8g8CaHGegItPUWrmvrSdxUyHtx7XbeLc VBmdKrbLYRmZYz1WX1c67WFDo9DQylOeFBk7aRGnBXC3c+uBuQiUQzVbWwERSW6tL5lhiom17BoOQw5KILMM8MeH7yoQM81lzmm0AFpRYQq4oE7wDi7yqNyylWHZQIpa8an8bLGE74MxSucl4G43qYiDVox45qkV0NtdHPRSsRUGPRBtR1ENlFfiRCevexqkZ+pXtohuW7vGZW9re2ZmN4vSoczJlr8C8MokbzpWdBZj jsXcK11UoCwaB753AdWRal/F8u3daE6s2ayxYUg9esCZzt7bElp3XVwyzbm+BWcZxzHBfRcsNC0kidEdKCvlfG2pq72l33rmqmv2OcedtRZgxW4B9RX73zfSNyYn3zvM/vxmef1g/pz30Er1CI+Sjt+gcfUIXaIIImqHv6Af66fxyfjs3zp82dHdnrXmBbi3n7z+Y7HEZ</latexit><latexit sha1_base64="spfeQ8WEHR7pSTLaWnoTglSsYtQ=">AAAEKnicbZPNatwwEMeVuB/p9itJj72YLoXNIWYdCk2hhNBeekxptwnYZpHl8a5YWTK S7M0i/Ai9tk/Rp+kp9NoHqWzvlo0dgeVhfvNnRjNSnDOq9Hh8s7Pr3Lv/4OHeo8HjJ0+fPd8/OPymRCEJTIhgQl7FWAGjHCaaagZXuQScxQwu48XHml+WIBUV/Kte5RBleMZpSgnW1vVlMV1N94djb9wst2/4a2OI1utieuAchokgRQZcE4aVCvxxriODpaaEQTUICwU5Jgs8g8CaHGegItPUWrmvrSdxUyHtx7XbeLc VBmdKrbLYRmZYz1WX1c67WFDo9DQylOeFBk7aRGnBXC3c+uBuQiUQzVbWwERSW6tL5lhiom17BoOQw5KILMM8MeH7yoQM81lzmm0AFpRYQq4oE7wDi7yqNyylWHZQIpa8an8bLGE74MxSucl4G43qYiDVox45qkV0NtdHPRSsRUGPRBtR1ENlFfiRCevexqkZ+pXtohuW7vGZW9re2ZmN4vSoczJlr8C8MokbzpWdBZj jsXcK11UoCwaB753AdWRal/F8u3daE6s2ayxYUg9esCZzt7bElp3XVwyzbm+BWcZxzHBfRcsNC0kidEdKCvlfG2pq72l33rmqmv2OcedtRZgxW4B9RX73zfSNyYn3zvM/vxmef1g/pz30Er1CI+Sjt+gcfUIXaIIImqHv6Af66fxyfjs3zp82dHdnrXmBbi3n7z+Y7HEZ</latexit>
 ⇡
<latexit sha1_base64="fsi6ttI+J8aKjpDO4uOlkX+WZuE=">AAAEK3icbZPNatwwEMeVuB/p9itJj72YLo Xdwxo7BJpCCaG99JhCtwnYJsjyeC0iS0aSvVmMX6HX9in6NL209Nr3qGzvlo0dgeVhfvNnRjNSlDOqtOv+2tm17t1/8HDv0ejxk6fPnu8fHH5RopAE5kQwIS8jrIBRDnNNNYPLXALOIgYX0fWHhl+UIBUV/LNe5RBmeMFpQgnW jWsW5PRqf+w6brvsoeGtjTFar/OrA+swiAUpMuCaMKyU77m5DissNSUM6lFQKMgxucYL8I3JcQYqrNpia/u18cR2IqT5uLZb77aiwplSqywykRnWqeqzxnkX8wudnIQV5XmhgZMuUVIwWwu7ObkdUwlEs5UxMJHU1GqTFEtMtO nPaBRwWBKRZZjHVfCurgKG+aI9zTYAA0osIVeUCd6DRV43G5ZSLHsoFkted78NlrAdcGqo3GS8jSZNMZDoyYBMGxFdpHo6QP5a5A9IuBGFA1TWvhdWQdPbKKnGXm26aAelPTu1S9M7M7NJlEx7J1PmCqR1FdtBqswsoJq5zgnc 1IEsGPiecwQ3YdW5Kscze681keqyRoLFzeAFazP3a4tN2XlzxTDr9xaYYRxHDA9VtNywgMRC96SkkP+1gabmnvbnnau63e8Yd95VhBkzBZhX5PXfzNCYHzlvHe/T8fjs/fo57aGX6BWaIA+9QWfoIzpHc0RQir6ib+i79cP6af 22/nShuztrzQt0a1l//wE1WXFC</latexit><latexit sha1_base64="fsi6ttI+J8aKjpDO4uOlkX+WZuE=">AAAEK3icbZPNatwwEMeVuB/p9itJj72YLo Xdwxo7BJpCCaG99JhCtwnYJsjyeC0iS0aSvVmMX6HX9in6NL209Nr3qGzvlo0dgeVhfvNnRjNSlDOqtOv+2tm17t1/8HDv0ejxk6fPnu8fHH5RopAE5kQwIS8jrIBRDnNNNYPLXALOIgYX0fWHhl+UIBUV/LNe5RBmeMFpQgnW jWsW5PRqf+w6brvsoeGtjTFar/OrA+swiAUpMuCaMKyU77m5DissNSUM6lFQKMgxucYL8I3JcQYqrNpia/u18cR2IqT5uLZb77aiwplSqywykRnWqeqzxnkX8wudnIQV5XmhgZMuUVIwWwu7ObkdUwlEs5UxMJHU1GqTFEtMtO nPaBRwWBKRZZjHVfCurgKG+aI9zTYAA0osIVeUCd6DRV43G5ZSLHsoFkted78NlrAdcGqo3GS8jSZNMZDoyYBMGxFdpHo6QP5a5A9IuBGFA1TWvhdWQdPbKKnGXm26aAelPTu1S9M7M7NJlEx7J1PmCqR1FdtBqswsoJq5zgnc 1IEsGPiecwQ3YdW5Kscze681keqyRoLFzeAFazP3a4tN2XlzxTDr9xaYYRxHDA9VtNywgMRC96SkkP+1gabmnvbnnau63e8Yd95VhBkzBZhX5PXfzNCYHzlvHe/T8fjs/fo57aGX6BWaIA+9QWfoIzpHc0RQir6ib+i79cP6af 22/nShuztrzQt0a1l//wE1WXFC</latexit><latexit sha1_base64="fsi6ttI+J8aKjpDO4uOlkX+WZuE=">AAAEK3icbZPNatwwEMeVuB/p9itJj72YLo Xdwxo7BJpCCaG99JhCtwnYJsjyeC0iS0aSvVmMX6HX9in6NL209Nr3qGzvlo0dgeVhfvNnRjNSlDOqtOv+2tm17t1/8HDv0ejxk6fPnu8fHH5RopAE5kQwIS8jrIBRDnNNNYPLXALOIgYX0fWHhl+UIBUV/LNe5RBmeMFpQgnW jWsW5PRqf+w6brvsoeGtjTFar/OrA+swiAUpMuCaMKyU77m5DissNSUM6lFQKMgxucYL8I3JcQYqrNpia/u18cR2IqT5uLZb77aiwplSqywykRnWqeqzxnkX8wudnIQV5XmhgZMuUVIwWwu7ObkdUwlEs5UxMJHU1GqTFEtMtO nPaBRwWBKRZZjHVfCurgKG+aI9zTYAA0osIVeUCd6DRV43G5ZSLHsoFkted78NlrAdcGqo3GS8jSZNMZDoyYBMGxFdpHo6QP5a5A9IuBGFA1TWvhdWQdPbKKnGXm26aAelPTu1S9M7M7NJlEx7J1PmCqR1FdtBqswsoJq5zgnc 1IEsGPiecwQ3YdW5Kscze681keqyRoLFzeAFazP3a4tN2XlzxTDr9xaYYRxHDA9VtNywgMRC96SkkP+1gabmnvbnnau63e8Yd95VhBkzBZhX5PXfzNCYHzlvHe/T8fjs/fo57aGX6BWaIA+9QWfoIzpHc0RQir6ib+i79cP6af 22/nShuztrzQt0a1l//wE1WXFC</latexit><latexit sha1_base64="fsi6ttI+J8aKjpDO4uOlkX+WZuE=">AAAEK3icbZPNatwwEMeVuB/p9itJj72YLo Xdwxo7BJpCCaG99JhCtwnYJsjyeC0iS0aSvVmMX6HX9in6NL209Nr3qGzvlo0dgeVhfvNnRjNSlDOqtOv+2tm17t1/8HDv0ejxk6fPnu8fHH5RopAE5kQwIS8jrIBRDnNNNYPLXALOIgYX0fWHhl+UIBUV/LNe5RBmeMFpQgnW jWsW5PRqf+w6brvsoeGtjTFar/OrA+swiAUpMuCaMKyU77m5DissNSUM6lFQKMgxucYL8I3JcQYqrNpia/u18cR2IqT5uLZb77aiwplSqywykRnWqeqzxnkX8wudnIQV5XmhgZMuUVIwWwu7ObkdUwlEs5UxMJHU1GqTFEtMtO nPaBRwWBKRZZjHVfCurgKG+aI9zTYAA0osIVeUCd6DRV43G5ZSLHsoFkted78NlrAdcGqo3GS8jSZNMZDoyYBMGxFdpHo6QP5a5A9IuBGFA1TWvhdWQdPbKKnGXm26aAelPTu1S9M7M7NJlEx7J1PmCqR1FdtBqswsoJq5zgnc 1IEsGPiecwQ3YdW5Kscze681keqyRoLFzeAFazP3a4tN2XlzxTDr9xaYYRxHDA9VtNywgMRC96SkkP+1gabmnvbnnau63e8Yd95VhBkzBZhX5PXfzNCYHzlvHe/T8fjs/fo57aGX6BWaIA+9QWfoIzpHc0RQir6ib+i79cP6af 22/nShuztrzQt0a1l//wE1WXFC</latexit>
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<latexit sha1_base64="7quvdL0zasB22GHJZbRW4HlnPJg=">AAAEKHicbZPNatwwEMeVuB/p9itJj72YLoXNIcYOhaZQQmgvPSbQbQK2CbI83hWRJSP J3izCT9Br+xR9mp5Krn2SyvZu2dgRWB7mN39mNCMlBaNK+/7t1rbz4OGjxztPRk+fPX/xcndv/5sSpSQwJYIJeZlgBYxymGqqGVwWEnCeMLhIrj83/KICqajgX/WygDjHM04zSrC2rnP/anfse3673KERrIwxWq2zqz1nP0oFKXPgmjCsVBj4hY4NlpoSBvUoKhUUmFzjGYTW5DgHFZu20tp9az2pmwlpP67d1rupMDhX apknNjLHeq76rHHex8JSZ8exobwoNXDSJcpK5mrhNsd2UyqBaLa0BiaS2lpdMscSE22bMxpFHBZE5DnmqYk+1iZimM/a02wCsKDCEgpFmeA9WBZ1s2EpxaKHUrHgdfdbYwmbASeWynXGu2jSFAOZngzIQSOis7k+GKBwJQoHJF6L4gGq6jCITdT0NsnMOKhtF92ocg9P3Mr2zs5skmQHvZMpewXmtUndaK7sLMAc+t4x3 NSRLBmEgXcEN7HpXMYL7N5rTaK6rIlgaTN4wdrM/dpSW3bRXDHM+r0FZhnHCcNDFa3WLCKp0D0pKeV/baSpvaf9eReqbvd7xl10FWHGbAH2FQX9NzM0pkfeBy84fzc+/bR6TjvoNXqDJihA79Ep+oLO0BQRBOg7+oF+Or+c384f57YL3d5aaV6hO8v5+w89pW/y</latexit><latexit sha1_base64="7quvdL0zasB22GHJZbRW4HlnPJg=">AAAEKHicbZPNatwwEMeVuB/p9itJj72YLoXNIcYOhaZQQmgvPSbQbQK2CbI83hWRJSP J3izCT9Br+xR9mp5Krn2SyvZu2dgRWB7mN39mNCMlBaNK+/7t1rbz4OGjxztPRk+fPX/xcndv/5sSpSQwJYIJeZlgBYxymGqqGVwWEnCeMLhIrj83/KICqajgX/WygDjHM04zSrC2rnP/anfse3673KERrIwxWq2zqz1nP0oFKXPgmjCsVBj4hY4NlpoSBvUoKhUUmFzjGYTW5DgHFZu20tp9az2pmwlpP67d1rupMDhX apknNjLHeq76rHHex8JSZ8exobwoNXDSJcpK5mrhNsd2UyqBaLa0BiaS2lpdMscSE22bMxpFHBZE5DnmqYk+1iZimM/a02wCsKDCEgpFmeA9WBZ1s2EpxaKHUrHgdfdbYwmbASeWynXGu2jSFAOZngzIQSOis7k+GKBwJQoHJF6L4gGq6jCITdT0NsnMOKhtF92ocg9P3Mr2zs5skmQHvZMpewXmtUndaK7sLMAc+t4x3 NSRLBmEgXcEN7HpXMYL7N5rTaK6rIlgaTN4wdrM/dpSW3bRXDHM+r0FZhnHCcNDFa3WLCKp0D0pKeV/baSpvaf9eReqbvd7xl10FWHGbAH2FQX9NzM0pkfeBy84fzc+/bR6TjvoNXqDJihA79Ep+oLO0BQRBOg7+oF+Or+c384f57YL3d5aaV6hO8v5+w89pW/y</latexit><latexit sha1_base64="7quvdL0zasB22GHJZbRW4HlnPJg=">AAAEKHicbZPNatwwEMeVuB/p9itJj72YLoXNIcYOhaZQQmgvPSbQbQK2CbI83hWRJSP J3izCT9Br+xR9mp5Krn2SyvZu2dgRWB7mN39mNCMlBaNK+/7t1rbz4OGjxztPRk+fPX/xcndv/5sSpSQwJYIJeZlgBYxymGqqGVwWEnCeMLhIrj83/KICqajgX/WygDjHM04zSrC2rnP/anfse3673KERrIwxWq2zqz1nP0oFKXPgmjCsVBj4hY4NlpoSBvUoKhUUmFzjGYTW5DgHFZu20tp9az2pmwlpP67d1rupMDhX apknNjLHeq76rHHex8JSZ8exobwoNXDSJcpK5mrhNsd2UyqBaLa0BiaS2lpdMscSE22bMxpFHBZE5DnmqYk+1iZimM/a02wCsKDCEgpFmeA9WBZ1s2EpxaKHUrHgdfdbYwmbASeWynXGu2jSFAOZngzIQSOis7k+GKBwJQoHJF6L4gGq6jCITdT0NsnMOKhtF92ocg9P3Mr2zs5skmQHvZMpewXmtUndaK7sLMAc+t4x3 NSRLBmEgXcEN7HpXMYL7N5rTaK6rIlgaTN4wdrM/dpSW3bRXDHM+r0FZhnHCcNDFa3WLCKp0D0pKeV/baSpvaf9eReqbvd7xl10FWHGbAH2FQX9NzM0pkfeBy84fzc+/bR6TjvoNXqDJihA79Ep+oLO0BQRBOg7+oF+Or+c384f57YL3d5aaV6hO8v5+w89pW/y</latexit><latexit sha1_base64="7quvdL0zasB22GHJZbRW4HlnPJg=">AAAEKHicbZPNatwwEMeVuB/p9itJj72YLoXNIcYOhaZQQmgvPSbQbQK2CbI83hWRJSP J3izCT9Br+xR9mp5Krn2SyvZu2dgRWB7mN39mNCMlBaNK+/7t1rbz4OGjxztPRk+fPX/xcndv/5sSpSQwJYIJeZlgBYxymGqqGVwWEnCeMLhIrj83/KICqajgX/WygDjHM04zSrC2rnP/anfse3673KERrIwxWq2zqz1nP0oFKXPgmjCsVBj4hY4NlpoSBvUoKhUUmFzjGYTW5DgHFZu20tp9az2pmwlpP67d1rupMDhX apknNjLHeq76rHHex8JSZ8exobwoNXDSJcpK5mrhNsd2UyqBaLa0BiaS2lpdMscSE22bMxpFHBZE5DnmqYk+1iZimM/a02wCsKDCEgpFmeA9WBZ1s2EpxaKHUrHgdfdbYwmbASeWynXGu2jSFAOZngzIQSOis7k+GKBwJQoHJF6L4gGq6jCITdT0NsnMOKhtF92ocg9P3Mr2zs5skmQHvZMpewXmtUndaK7sLMAc+t4x3 NSRLBmEgXcEN7HpXMYL7N5rTaK6rIlgaTN4wdrM/dpSW3bRXDHM+r0FZhnHCcNDFa3WLCKp0D0pKeV/baSpvaf9eReqbvd7xl10FWHGbAH2FQX9NzM0pkfeBy84fzc+/bR6TjvoNXqDJihA79Ep+oLO0BQRBOg7+oF+Or+c384f57YL3d5aaV6hO8v5+w89pW/y</latexit>
⇡
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0
<latexit sha1_base64="7quvdL0zasB22GHJZbRW4HlnPJg=">AAAEKHicbZPNatwwEMeVuB/p9itJj72YLoXNIcYOhaZQQmgvPSbQbQK2CbI83hWRJSPJ3izCT9Br+xR9mp5Krn2SyvZu2dgRWB7mN39mNCMlBaNK+/ 7t1rbz4OGjxztPRk+fPX/xcndv/5sSpSQwJYIJeZlgBYxymGqqGVwWEnCeMLhIrj83/KICqajgX/WygDjHM04zSrC2rnP/anfse3673KERrIwxWq2zqz1nP0oFKXPgmjCsVBj4hY4NlpoSBvUoKhUUmFzjGYTW5DgHFZu20tp9az2pmwlpP67d1rupMDhXapknNjLHeq76rHHex8JSZ8exobwoNXDSJcpK5mrhNsd2UyqBaLa0BiaS2lpdMscSE22bMxpFHBZE5DnmqYk+1iZimM/a02wCsKDCEgpFmeA9WBZ1s2EpxaKHUrHgdfdbYwmbASeWynXGu2 jSFAOZngzIQSOis7k+GKBwJQoHJF6L4gGq6jCITdT0NsnMOKhtF92ocg9P3Mr2zs5skmQHvZMpewXmtUndaK7sLMAc+t4x3NSRLBmEgXcEN7HpXMYL7N5rTaK6rIlgaTN4wdrM/dpSW3bRXDHM+r0FZhnHCcNDFa3WLCKp0D0pKeV/baSpvaf9eReqbvd7xl10FWHGbAH2FQX9NzM0pkfeBy84fzc+/bR6TjvoNXqDJihA79Ep+oLO0BQRBOg7+oF+Or+c384f57YL3d5aaV6hO8v5+w89pW/y</latexit><latexit sha1_base64="7quvdL0zasB22GHJZbRW4HlnPJg=">AAAEKHicbZPNatwwEMeVuB/p9itJj72YLoXNIcYOhaZQQmgvPSbQbQK2CbI83hWRJSPJ3izCT9Br+xR9mp5Krn2SyvZu2dgRWB7mN39mNCMlBaNK+/ 7t1rbz4OGjxztPRk+fPX/xcndv/5sSpSQwJYIJeZlgBYxymGqqGVwWEnCeMLhIrj83/KICqajgX/WygDjHM04zSrC2rnP/anfse3673KERrIwxWq2zqz1nP0oFKXPgmjCsVBj4hY4NlpoSBvUoKhUUmFzjGYTW5DgHFZu20tp9az2pmwlpP67d1rupMDhXapknNjLHeq76rHHex8JSZ8exobwoNXDSJcpK5mrhNsd2UyqBaLa0BiaS2lpdMscSE22bMxpFHBZE5DnmqYk+1iZimM/a02wCsKDCEgpFmeA9WBZ1s2EpxaKHUrHgdfdbYwmbASeWynXGu2 jSFAOZngzIQSOis7k+GKBwJQoHJF6L4gGq6jCITdT0NsnMOKhtF92ocg9P3Mr2zs5skmQHvZMpewXmtUndaK7sLMAc+t4x3NSRLBmEgXcEN7HpXMYL7N5rTaK6rIlgaTN4wdrM/dpSW3bRXDHM+r0FZhnHCcNDFa3WLCKp0D0pKeV/baSpvaf9eReqbvd7xl10FWHGbAH2FQX9NzM0pkfeBy84fzc+/bR6TjvoNXqDJihA79Ep+oLO0BQRBOg7+oF+Or+c384f57YL3d5aaV6hO8v5+w89pW/y</latexit><latexit sha1_base64="7quvdL0zasB22GHJZbRW4HlnPJg=">AAAEKHicbZPNatwwEMeVuB/p9itJj72YLoXNIcYOhaZQQmgvPSbQbQK2CbI83hWRJSPJ3izCT9Br+xR9mp5Krn2SyvZu2dgRWB7mN39mNCMlBaNK+/ 7t1rbz4OGjxztPRk+fPX/xcndv/5sSpSQwJYIJeZlgBYxymGqqGVwWEnCeMLhIrj83/KICqajgX/WygDjHM04zSrC2rnP/anfse3673KERrIwxWq2zqz1nP0oFKXPgmjCsVBj4hY4NlpoSBvUoKhUUmFzjGYTW5DgHFZu20tp9az2pmwlpP67d1rupMDhXapknNjLHeq76rHHex8JSZ8exobwoNXDSJcpK5mrhNsd2UyqBaLa0BiaS2lpdMscSE22bMxpFHBZE5DnmqYk+1iZimM/a02wCsKDCEgpFmeA9WBZ1s2EpxaKHUrHgdfdbYwmbASeWynXGu2 jSFAOZngzIQSOis7k+GKBwJQoHJF6L4gGq6jCITdT0NsnMOKhtF92ocg9P3Mr2zs5skmQHvZMpewXmtUndaK7sLMAc+t4x3NSRLBmEgXcEN7HpXMYL7N5rTaK6rIlgaTN4wdrM/dpSW3bRXDHM+r0FZhnHCcNDFa3WLCKp0D0pKeV/baSpvaf9eReqbvd7xl10FWHGbAH2FQX9NzM0pkfeBy84fzc+/bR6TjvoNXqDJihA79Ep+oLO0BQRBOg7+oF+Or+c384f57YL3d5aaV6hO8v5+w89pW/y</latexit><latexit sha1_base64="7quvdL0zasB22GHJZbRW4HlnPJg=">AAAEKHicbZPNatwwEMeVuB/p9itJj72YLoXNIcYOhaZQQmgvPSbQbQK2CbI83hWRJSPJ3izCT9Br+xR9mp5Krn2SyvZu2dgRWB7mN39mNCMlBaNK+/ 7t1rbz4OGjxztPRk+fPX/xcndv/5sSpSQwJYIJeZlgBYxymGqqGVwWEnCeMLhIrj83/KICqajgX/WygDjHM04zSrC2rnP/anfse3673KERrIwxWq2zqz1nP0oFKXPgmjCsVBj4hY4NlpoSBvUoKhUUmFzjGYTW5DgHFZu20tp9az2pmwlpP67d1rupMDhXapknNjLHeq76rHHex8JSZ8exobwoNXDSJcpK5mrhNsd2UyqBaLa0BiaS2lpdMscSE22bMxpFHBZE5DnmqYk+1iZimM/a02wCsKDCEgpFmeA9WBZ1s2EpxaKHUrHgdfdbYwmbASeWynXGu2 jSFAOZngzIQSOis7k+GKBwJQoHJF6L4gGq6jCITdT0NsnMOKhtF92ocg9P3Mr2zs5skmQHvZMpewXmtUndaK7sLMAc+t4x3NSRLBmEgXcEN7HpXMYL7N5rTaK6rIlgaTN4wdrM/dpSW3bRXDHM+r0FZhnHCcNDFa3WLCKp0D0pKeV/baSpvaf9eReqbvd7xl10FWHGbAH2FQX9NzM0pkfeBy84fzc+/bR6TjvoNXqDJihA79Ep+oLO0BQRBOg7+oF+Or+c384f57YL3d5aaV6hO8v5+w89pW/y</latexit>
a)
<latexit sha1_base64="gThacbCd7OeiMTCuW5hl3Oaw4i0=">AAAEKXicbZPNbtQwEMfdho+yfLXly CVihbR7aJRUSBQJVRVcOBbE0kpJVDnOZNeqY0e2k+3KyhtwhafgaTgBV14EJ9lFbVJLcUbzm79mPGMnBaNK+/7vrW3nzt1793cejB4+evzk6e7e/hclSklgRgQT8jzBChjlMNNUMzgvJOA8YXCWXL5v+FkFUlHBP+ tVAXGO55xmlGBtXZ/w9GJ37Ht+u9yhEayNMVqv04s9Zz9KBSlz4JowrFQY+IWODZaaEgb1KCoVFJhc4jmE1uQ4BxWbttTafWk9qZsJaT+u3dZ7XWFwrtQqT2xkjvVC9VnjvI2Fpc6OYkN5UWrgpEuUlczVwm3O7a ZUAtFsZQ1MJLW1umSBJSbadmc0ijgsichzzFMTva1NxDCft6e5DsCCCksoFGWC92BZ1M2GpRTLHkrFktfdb4MlXA84tlRuMt5Ek6YYyPRkQKaNiM4XejpA4VoUDki8EcUDVNVhEJuo6W2SmXFQ2y66UeUeHLuV7Z2 d2STJpr2TKXsFFrVJ3Wih7CzAHPjeEVzVkSwZhIF3CFex6VzGC+zea02iuqyJYGkzeMHazP3aUlt20VwxzPq9BWYZxwnDQxWtNiwiqdA9KSnlf22kqb2n/XkXqm73W8ZddBVhxmwB9hUF/TczNGaH3hsv+PhqfPJu /Zx20HP0Ak1QgF6jE/QBnaIZIihDX9E39N354fx0fjl/utDtrbXmGbqxnL//ALghcFY=</latexit><latexit sha1_base64="gThacbCd7OeiMTCuW5hl3Oaw4i0=">AAAEKXicbZPNbtQwEMfdho+yfLXly CVihbR7aJRUSBQJVRVcOBbE0kpJVDnOZNeqY0e2k+3KyhtwhafgaTgBV14EJ9lFbVJLcUbzm79mPGMnBaNK+/7vrW3nzt1793cejB4+evzk6e7e/hclSklgRgQT8jzBChjlMNNUMzgvJOA8YXCWXL5v+FkFUlHBP+ tVAXGO55xmlGBtXZ/w9GJ37Ht+u9yhEayNMVqv04s9Zz9KBSlz4JowrFQY+IWODZaaEgb1KCoVFJhc4jmE1uQ4BxWbttTafWk9qZsJaT+u3dZ7XWFwrtQqT2xkjvVC9VnjvI2Fpc6OYkN5UWrgpEuUlczVwm3O7a ZUAtFsZQ1MJLW1umSBJSbadmc0ijgsichzzFMTva1NxDCft6e5DsCCCksoFGWC92BZ1M2GpRTLHkrFktfdb4MlXA84tlRuMt5Ek6YYyPRkQKaNiM4XejpA4VoUDki8EcUDVNVhEJuo6W2SmXFQ2y66UeUeHLuV7Z2 d2STJpr2TKXsFFrVJ3Wih7CzAHPjeEVzVkSwZhIF3CFex6VzGC+zea02iuqyJYGkzeMHazP3aUlt20VwxzPq9BWYZxwnDQxWtNiwiqdA9KSnlf22kqb2n/XkXqm73W8ZddBVhxmwB9hUF/TczNGaH3hsv+PhqfPJu /Zx20HP0Ak1QgF6jE/QBnaIZIihDX9E39N354fx0fjl/utDtrbXmGbqxnL//ALghcFY=</latexit><latexit sha1_base64="gThacbCd7OeiMTCuW5hl3Oaw4i0=">AAAEKXicbZPNbtQwEMfdho+yfLXly CVihbR7aJRUSBQJVRVcOBbE0kpJVDnOZNeqY0e2k+3KyhtwhafgaTgBV14EJ9lFbVJLcUbzm79mPGMnBaNK+/7vrW3nzt1793cejB4+evzk6e7e/hclSklgRgQT8jzBChjlMNNUMzgvJOA8YXCWXL5v+FkFUlHBP+ tVAXGO55xmlGBtXZ/w9GJ37Ht+u9yhEayNMVqv04s9Zz9KBSlz4JowrFQY+IWODZaaEgb1KCoVFJhc4jmE1uQ4BxWbttTafWk9qZsJaT+u3dZ7XWFwrtQqT2xkjvVC9VnjvI2Fpc6OYkN5UWrgpEuUlczVwm3O7a ZUAtFsZQ1MJLW1umSBJSbadmc0ijgsichzzFMTva1NxDCft6e5DsCCCksoFGWC92BZ1M2GpRTLHkrFktfdb4MlXA84tlRuMt5Ek6YYyPRkQKaNiM4XejpA4VoUDki8EcUDVNVhEJuo6W2SmXFQ2y66UeUeHLuV7Z2 d2STJpr2TKXsFFrVJ3Wih7CzAHPjeEVzVkSwZhIF3CFex6VzGC+zea02iuqyJYGkzeMHazP3aUlt20VwxzPq9BWYZxwnDQxWtNiwiqdA9KSnlf22kqb2n/XkXqm73W8ZddBVhxmwB9hUF/TczNGaH3hsv+PhqfPJu /Zx20HP0Ak1QgF6jE/QBnaIZIihDX9E39N354fx0fjl/utDtrbXmGbqxnL//ALghcFY=</latexit><latexit sha1_base64="gThacbCd7OeiMTCuW5hl3Oaw4i0=">AAAEKXicbZPNbtQwEMfdho+yfLXly CVihbR7aJRUSBQJVRVcOBbE0kpJVDnOZNeqY0e2k+3KyhtwhafgaTgBV14EJ9lFbVJLcUbzm79mPGMnBaNK+/7vrW3nzt1793cejB4+evzk6e7e/hclSklgRgQT8jzBChjlMNNUMzgvJOA8YXCWXL5v+FkFUlHBP+ tVAXGO55xmlGBtXZ/w9GJ37Ht+u9yhEayNMVqv04s9Zz9KBSlz4JowrFQY+IWODZaaEgb1KCoVFJhc4jmE1uQ4BxWbttTafWk9qZsJaT+u3dZ7XWFwrtQqT2xkjvVC9VnjvI2Fpc6OYkN5UWrgpEuUlczVwm3O7a ZUAtFsZQ1MJLW1umSBJSbadmc0ijgsichzzFMTva1NxDCft6e5DsCCCksoFGWC92BZ1M2GpRTLHkrFktfdb4MlXA84tlRuMt5Ek6YYyPRkQKaNiM4XejpA4VoUDki8EcUDVNVhEJuo6W2SmXFQ2y66UeUeHLuV7Z2 d2STJpr2TKXsFFrVJ3Wih7CzAHPjeEVzVkSwZhIF3CFex6VzGC+zea02iuqyJYGkzeMHazP3aUlt20VwxzPq9BWYZxwnDQxWtNiwiqdA9KSnlf22kqb2n/XkXqm73W8ZddBVhxmwB9hUF/TczNGaH3hsv+PhqfPJu /Zx20HP0Ak1QgF6jE/QBnaIZIihDX9E39N354fx0fjl/utDtrbXmGbqxnL//ALghcFY=</latexit>
b)
<latexit sha1_base64="1db2hbY4IHZVmNO4blCeOKkG7FA=">AAAEKXicbZPNbtQwEMfdho+yfLXly CVihbR7aJRUSBQJVRVcOBbE0kpJVDnOZNeqY0e2k+3KyhtwhafgaTgBV14EJ9lFbVJLcUbzm79mPGMnBaNK+/7vrW3nzt1793cejB4+evzk6e7e/hclSklgRgQT8jzBChjlMNNUMzgvJOA8YXCWXL5v+FkFUlHBP+ tVAXGO55xmlGBtXZ+S6cXu2Pf8drlDI1gbY7Repxd7zn6UClLmwDVhWKkw8AsdGyw1JQzqUVQqKDC5xHMIrclxDio2bam1+9J6UjcT0n5cu633usLgXKlVntjIHOuF6rPGeRsLS50dxYbyotTASZcoK5mrhduc20 2pBKLZyhqYSGprdckCS0y07c5oFHFYEpHnmKcmelubiGE+b09zHYAFFZZQKMoE78GyqJsNSymWPZSKJa+73wZLuB5wbKncZLyJJk0xkOnJgEwbEZ0v9HSAwrUoHJB4I4oHqKrDIDZR09skM+Ogtl10o8o9OHYr2zs 7s0mSTXsnU/YKLGqTutFC2VmAOfC9I7iqI1kyCAPvEK5i07mMF9i915pEdVkTwdJm8IK1mfu1pbbsorlimPV7C8wyjhOGhypabVhEUqF7UlLK/9pIU3tP+/MuVN3ut4y76CrCjNkC7CsK+m9maMwOvTde8PHV+OTd +jntoOfoBZqgAL1GJ+gDOkUzRFCGvqJv6Lvzw/np/HL+dKHbW2vNM3RjOX//AbvmcFc=</latexit><latexit sha1_base64="1db2hbY4IHZVmNO4blCeOKkG7FA=">AAAEKXicbZPNbtQwEMfdho+yfLXly CVihbR7aJRUSBQJVRVcOBbE0kpJVDnOZNeqY0e2k+3KyhtwhafgaTgBV14EJ9lFbVJLcUbzm79mPGMnBaNK+/7vrW3nzt1793cejB4+evzk6e7e/hclSklgRgQT8jzBChjlMNNUMzgvJOA8YXCWXL5v+FkFUlHBP+ tVAXGO55xmlGBtXZ+S6cXu2Pf8drlDI1gbY7Repxd7zn6UClLmwDVhWKkw8AsdGyw1JQzqUVQqKDC5xHMIrclxDio2bam1+9J6UjcT0n5cu633usLgXKlVntjIHOuF6rPGeRsLS50dxYbyotTASZcoK5mrhduc20 2pBKLZyhqYSGprdckCS0y07c5oFHFYEpHnmKcmelubiGE+b09zHYAFFZZQKMoE78GyqJsNSymWPZSKJa+73wZLuB5wbKncZLyJJk0xkOnJgEwbEZ0v9HSAwrUoHJB4I4oHqKrDIDZR09skM+Ogtl10o8o9OHYr2zs 7s0mSTXsnU/YKLGqTutFC2VmAOfC9I7iqI1kyCAPvEK5i07mMF9i915pEdVkTwdJm8IK1mfu1pbbsorlimPV7C8wyjhOGhypabVhEUqF7UlLK/9pIU3tP+/MuVN3ut4y76CrCjNkC7CsK+m9maMwOvTde8PHV+OTd +jntoOfoBZqgAL1GJ+gDOkUzRFCGvqJv6Lvzw/np/HL+dKHbW2vNM3RjOX//AbvmcFc=</latexit><latexit sha1_base64="1db2hbY4IHZVmNO4blCeOKkG7FA=">AAAEKXicbZPNbtQwEMfdho+yfLXly CVihbR7aJRUSBQJVRVcOBbE0kpJVDnOZNeqY0e2k+3KyhtwhafgaTgBV14EJ9lFbVJLcUbzm79mPGMnBaNK+/7vrW3nzt1793cejB4+evzk6e7e/hclSklgRgQT8jzBChjlMNNUMzgvJOA8YXCWXL5v+FkFUlHBP+ tVAXGO55xmlGBtXZ+S6cXu2Pf8drlDI1gbY7Repxd7zn6UClLmwDVhWKkw8AsdGyw1JQzqUVQqKDC5xHMIrclxDio2bam1+9J6UjcT0n5cu633usLgXKlVntjIHOuF6rPGeRsLS50dxYbyotTASZcoK5mrhduc20 2pBKLZyhqYSGprdckCS0y07c5oFHFYEpHnmKcmelubiGE+b09zHYAFFZZQKMoE78GyqJsNSymWPZSKJa+73wZLuB5wbKncZLyJJk0xkOnJgEwbEZ0v9HSAwrUoHJB4I4oHqKrDIDZR09skM+Ogtl10o8o9OHYr2zs 7s0mSTXsnU/YKLGqTutFC2VmAOfC9I7iqI1kyCAPvEK5i07mMF9i915pEdVkTwdJm8IK1mfu1pbbsorlimPV7C8wyjhOGhypabVhEUqF7UlLK/9pIU3tP+/MuVN3ut4y76CrCjNkC7CsK+m9maMwOvTde8PHV+OTd +jntoOfoBZqgAL1GJ+gDOkUzRFCGvqJv6Lvzw/np/HL+dKHbW2vNM3RjOX//AbvmcFc=</latexit><latexit sha1_base64="1db2hbY4IHZVmNO4blCeOKkG7FA=">AAAEKXicbZPNbtQwEMfdho+yfLXly CVihbR7aJRUSBQJVRVcOBbE0kpJVDnOZNeqY0e2k+3KyhtwhafgaTgBV14EJ9lFbVJLcUbzm79mPGMnBaNK+/7vrW3nzt1793cejB4+evzk6e7e/hclSklgRgQT8jzBChjlMNNUMzgvJOA8YXCWXL5v+FkFUlHBP+ tVAXGO55xmlGBtXZ+S6cXu2Pf8drlDI1gbY7Repxd7zn6UClLmwDVhWKkw8AsdGyw1JQzqUVQqKDC5xHMIrclxDio2bam1+9J6UjcT0n5cu633usLgXKlVntjIHOuF6rPGeRsLS50dxYbyotTASZcoK5mrhduc20 2pBKLZyhqYSGprdckCS0y07c5oFHFYEpHnmKcmelubiGE+b09zHYAFFZZQKMoE78GyqJsNSymWPZSKJa+73wZLuB5wbKncZLyJJk0xkOnJgEwbEZ0v9HSAwrUoHJB4I4oHqKrDIDZR09skM+Ogtl10o8o9OHYr2zs 7s0mSTXsnU/YKLGqTutFC2VmAOfC9I7iqI1kyCAPvEK5i07mMF9i915pEdVkTwdJm8IK1mfu1pbbsorlimPV7C8wyjhOGhypabVhEUqF7UlLK/9pIU3tP+/MuVN3ut4y76CrCjNkC7CsK+m9maMwOvTde8PHV+OTd +jntoOfoBZqgAL1GJ+gDOkUzRFCGvqJv6Lvzw/np/HL+dKHbW2vNM3RjOX//AbvmcFc=</latexit>
c)
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FIG. 3. Chern bands from the scattering network – a)
Semiclassical orbits for an electron in a periodic potential and
uniform magnetic field, b) Partial-set of energy bands from
the scattering network with θ(E) = pi
4
(tanh [E + pi/4] + 1)
and ϕ(E) = 4E. The horizontal axis is placed at the critical
energy E = Ec for which θ(Ec) = pi/4, c) Berry curvature
for two bands near E = 0 for which θ respectively crosses
(left panel) and does not cross (right panel) pi/4, giving total
Chern number 1 or 0. All other bands have Chern number
zero.
Recalling that θ ≡ θ(E) is a (slowly varying) func-
tion of E, the solution to Eq. (6) for each m,n defines a
surface θm,n(k) in the space (θ,k) that was introduced
following Eq. 3. For all but one of these surfaces, both
of the oppositely charged (θ,k)-space monopole sources
of Berry flux lie on the same side of the surface. The
net Berry flux through these surfaces is therefore zero,
implying zero Chern number for the associated band of
eigenstates in the continuum problem. However, there is
one exceptional pair (m,n) for which θm,n(k) < pi/4 at
k = (0, 0) but θm,n(k) > pi/4 at k = (pi, pi) (or vice-versa,
depending on the parity of n). For this exceptional pair,
oppositely charged monopoles lie on opposite sides of the
surface, which therefore has a full unit of Berry flux pass-
ing though it. The associated band of eigenstates hence
has unit Chern number, and summing over all bands we
recover unit Chern number for the Landau level. A nu-
merical demonstration for particular energy dependence
is shown in Fig. 3.
Discussion – These two lines of analysis show that
the network model equally describes both chiral Flo-
quet topological insulators, and quantum Hall phases and
transitions. Specifically, these results establish a precise
equivalence of the dynamics of a wave-packet with near-
5constant energy in these two settings. Since the critical
properties at topological phase transitions in both classes
arise from delocalization at a fixed critical energy, this
implies that these topologically distinct phenomena share
the same critical properties at their (disordered) topolog-
ical phase transitions. We emphasize that, despite shar-
ing critical scaling properties the CF and IQH systems
are sharply distinct. Beyond their distinct bulk-topology
and edge-state structure, they exhibit qualitatively differ-
ent dynamics of spatially localized wave-packets, which
remain indefinitely localized in strongly-disordered CF
phases [9], but instead spread sub-diffusively in IQH sys-
tems due to overlap with critically extended states [10].
In the absence of interactions, the equilibrium classifi-
cation and the Floquet classification have related struc-
ture [7]: for each equilibrium class with classification G,
there is a corresponding set of purely dynamical Floquet
phases also having classification G. Our results raise the
question: are the critical properties of topological-phase
transitions equivalent for all of these equilibrium/Floquet
phase pairs? We conjecture that the answer is affirma-
tive. For example, closely related 2d network models can
be used to establish a similar relation between topological
phase transitions in equilibrium and Floquet chiral super-
conductors with spin-rotation symmetry (spin-quantum
Hall effect, class C) whose critical properties correspond
to percolation [17–19]. Moreover, analogous 1d scattering
network constructions can be obtained by compactifying
2d examples to extend these results to all 1d classes [20],
leading us to conjecture a general equivalence of univer-
sal scaling structure of non-interacting equilibrium and
Floquet topological phase transitions.
The network model construction is special to non-
interacting systems with elastic scattering. In interact-
ing settings, the conjectured static/Floquet topological
quantum criticality correspondence likely continues to
hold for interacting MBL systems in 1d where phase tran-
sitions are characterized by RG-flow to infinite random-
ness and have equivalent interacting and non-interacting
scaling properties [21] By this route the 1d Floquet model
studied in Ref. [22, 23] is related to an Ising model, which
is known to have a network model representation [24].
However, the correspondence will presumably fail for in-
teracting 2d systems, since in that context CF phases
are governed by rational-fractional-valued topological in-
variants with a completely distinct structure from Chern
number [14, 15], and because the non-interacting CF-
to-trivial critical-point will broaden into an intervening
thermal phase upon including interactions [25].
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